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Abstract. Let 1 ≤ q ≤ 2 and denote by 2 ≤ q′ its corresponding conjugate exponent.
We prove the continuity of solutions u ∈ W 1,( n

n−1 ,q′)(Bn,Rm) to the critical elliptic
system −∆u = Ω ·∇u in dimension n ≥ 3, where the potential Ω ∈ L(n,q)(Bn, so(m)⊗∧1)
is antisymmetric. First, we construct P ∈ W 1,(n,q)(Bn,SO(m)) such that the PDE can
be rewritten as − div(P−1du) = ∗dξ · P−1du, which is nearly a Jacobian structure up to
the rotation P . Second, we provide a Rivière’s GL(m)-Gauge in order to establish a "full"
(A,B)-conservation law, i.e. −div(Adu) = d∗B · du. We show that the assumption on
Ω ∈ L(n,q)(Bn, so(m) ⊗ ∧1) for q ≤ 2 is optimal.
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1. Introduction

Motivation of the problem. The regularity question — whether weak solutions of the
harmonic map equation are smooth in the conformally invariant case for n = 2— was
settled by Hélein [8], who used moving frames to handle the nonlinearity of the right-hand
side. For maps into symmetric targets, this structure reduces to a Jacobian expression,
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and continuity follows from the Wente inequality [25]. More precisely, let B2 ⊂ R2 and let
a, b ∈ W 1,2(B2). Consider the system

(1.1)

⎧⎨⎩∆φ = ∇a · ∇⊥b on B2,

φ = 0 on ∂B2.

Wente discovered improved regularity properties for the solution φ of (1.1) given by

(1.2) ∥φ∥L∞(B2) + ∥∇φ∥L2(B2) ≤ C∥∇a∥L2(B2)∥∇b∥L2(B2).

A generalization of these better integrability estimates goes back to the compensated
compactness theory of Coifman, Lions, Meyer, and Semmes [5] for functions that lie in
Hardy space H1 rather than merely L1. They further showed that solutions of (1.1) satisfy

(1.3) ∥∇φ∥L2,1(B2) + ∥∇2φ∥L1(B2) ≤ C∥∇a∥L2(B2)∥∇b∥L2(B2).

Bethuel showed a similar version [4], namely

(1.4) ∥∇φ∥L2(B2) ≤ C∥∇a∥L2,∞(B2)∥∇b∥L2(B2).

The full geometric reach of this cancellation structure was discovered by Rivière [18] for
n = 2, who proved that any conformally invariant elliptic system of the form −∆u = Ω ·∇u
with antisymmetric potential Ω ∈ L2 can be rewritten as a so called "(A,B)-conservation
law" / "Rivière’s GL(m)-Gauge", yielding continuity without any assumption on the target.

The question naturally arises as to whether this structure provides improved regularity
estimates, even in higher dimensions. Let n ≥ 3. Rivière raised the question whether it
remains true or not, that any solution u ∈ W 1,n(Bn,Rm) of

(1.5) − div
(︂
|∇u|n−2∇u

)︂
= |∇u|n−2 Ω · ∇u,

where Ω ∈ Ln(Bn, so(m) ⊗ ∧1) is also continuous. Recently, Martino and Schikorra
and independently Schlagenhauf provided a negative answer to this question by giving a
counterexample [13], [22]. It turns out that the natural extension of these results leads to
the so-called Lorentz spaces, which were introduced in Section 2 and play the same crucial
role in our result as they do in, for example, [12, 3].

Formulation of the problem. Let now n ≥ 3 and m ∈ N. Fix 1 ≤ q ≤ 2 and
q′ = q

q−1 ≥ 2 its conjugate exponent. Let u ∈ W 1,( n
n−1 ,q′)(Bn,Rm) be a solution of the

system

(1.6) −∆u = Ω · ∇u in D′(Bn),

where Ω ∈ L(n,q)(Bn, so(m) ⊗ ∧1) is anti-symmetric. The right hand side of (1.6) becomes
critical due to L( n

n−1 ,q′) ·L(n,q) ↪→ L1 and it corresponds to the endpoint case of the classical
Calderón-Zygmund theory. In this setting, we establish better regularity, that is, the
continuity of solutions of (1.6).
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The assumption Ω ∈ L(n,q) arises naturally in the proof (see (4.9)), as it is required
to simultaneously obtain a bound on both – the potential dξ and the gauge dP . It is
noteworthy that in the endpoint case q = 2, the assumption is the same as the one
of Martino and Schikorra in their construction of a gauge for antisymmetric potentials
for rotated n-harmonic systems [12]. At time of creation, the author was not aware of
the publication of Guo, Xiang [7], which shows that the technique of the Rivière–Gauge
construction also works in the case of Ω ∈ L(n,2) and coincides with our endpoint case.

We present two approaches to establishing the continuity of u ∈ W 1,( n
n−1 ,q′). In a first

version given in Section 4, we employ duality estimates below the Lorentz exponent, in
particular L( n

n−1 ,∞), which is only slightly larger than L( n
n−1 ,q′) and has already played a

crucial role in the work of Bethuel [4] (see (1.4)) and [21]. This approach also illustrates
that one can circumvent the need to establish the more challenging full (A,B)-conservation
laws.
This first approach is inspired by Rivière and Struwe [20] for systems of the type (1.6),
but under their assumption that u ∈ W 1,2(Bn,Rm) and Ω ∈ L2(Bn, so(m) ⊗ ∧1). In their
setting, the system (1.6) becomes supercritical in dimensions n ≥ 3 and they have to
assume additional Morrey assumptions in order to establish an "almost Jacobian" structure.
We now give the main theorem of the first approach.

Theorem 1.1. Let m ∈ N. Let q ≤ 2 and denote by q′ = q
q−1 ≥ 2 its conjugate

exponent. For every n ≥ 3, there exists ε0(n) > 0 such that for every weak solution
u ∈ W 1,( n

n−1 ,q′)(Bn,Rm) of the equation (1.6) and for every Ω ∈ L(n,q)(Bn, so(m) ⊗ ∧1)
satisfying the smallness assumption

∥Ω∥L(n,q)(Bn) < ε0(n),(A)

then there exist α ∈ (0, 1) such that u ∈ C0,α
loc (Bn,Rm).

In a second version given in Section 5, we show that it is indeed possible to construct a
"full" (A,B)-conservation law/ Rivière’s GL(m)-Gauge to obtain the same result. More
precisely, instead of transforming the system by P−1, as was done in the first approach,
the PDE is now transformed by A ∈ L∞ ∩W 1,(n,q)(Bn,GL(m)) and we obtain

(1.7)
− div(Adu) = −dA · du+AΩ · du = (−dA+AΩ)⏞ ⏟⏟ ⏞

=:(i)

·du.

Further, we show the existence of B ∈ W 1,(n,q)(Bn,Rm×m ⊗ ∧2) in order to write (i) as a
purely co-exact expression, so that the right-hand side becomes a "full" Jacobian:

− div(Adu) = d∗B⏞⏟⏟⏞
∈L(n,q)

· du⏞⏟⏟⏞
∈L

( n
n−1 ,q′)

.(1.8)
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The following theorem is the main result of this second approach and leads to optimal
regularity.

Theorem 1.2. Let n ≥ 3 and m ∈ N. Let q ≤ 2 and denote by q′ = q
q−1 ≥ 2 its conjugate

exponent. There exists ε0(n) > 0 such that for every weak solution u ∈ W 1,( n
n−1 ,q′)(Bn,Rm)

of the equation (1.6) and for every Ω ∈ L(n,q)(Bn, so(m) ⊗ ∧1) satisfying the smallness
assumption

∥Ω∥L(n,q)(Bn) < ε0(n),(A)

we then have u ∈ W 2,p
loc (Bn,Rm) for any p < n and hence C0,α

loc (Bn,Rm) for any α ∈ (0, 1).
Moreover, there exists a (A,B)–Gauge with A ∈ L∞ ∩ W 1,(n,q)(Bn,Rm×m) and B ∈
W 1,(n,q)(Bn,Rm×m ⊗ ∧2) satisfying

(1.9) −d∗B := dA−AΩ.

such that the weak solution u ∈ W 1,( n
n−1 ,q′)(Bn,Rm) of (1.6) satisfies the following conser-

vation law

(1.10) d(∗Adu+ (−1)n−1(∗B) ∧ du) = 0.

Remark 1.3. We point out that Theorem 1.2 immediately implies Theorem 1.1.

Novelty of this project. The novelty of this project lies in developing a more refined
understanding of critical systems with antisymmetric potentials in higher dimensions. The
paper relies heavily on the following type of estimate:

(1.11) ∥φ∥L∞(Bn) + ∥dφ∥L(n,1)(Bn) + ∥∇2φ∥
L( n

2 ,1)(Bn) ≲ ∥da∥L(n,q)(Bn)∥db∥L(n,q′)(Bn),

where φ ∈ W 1,(n,1)(Bn,Rm) is a solution of

(1.12)

⎧⎨⎩∆φ = ∗(da ∧ db) on Bn,

φ = 0 on ∂Bn,

and a ∈ W 1,(n,q)(Bn,Rm) and b ∈ W 1,(n,q′)(Bn,∧n−2). Estimate (1.11) can be interpreted
as a "high-dimensional Wente" and should be compared with (1.3).

In Section 6 we show that the assumption on the integrability of Ω ∈ L(n,q)(Bn, so(m)⊗∧1)
for q ≤ 2 is indeed optimal. More precisely, one cannot assume a milder assumption on
Ω ∈ Ln,q(Bn, so(m) ⊗ ∧1) for some q > 2 in order to conclude continuity on u.

2. Preliminary

We provide a brief introduction to Lorentz spaces, which arise naturally as refinements of
standard Lebesgue spaces. For further reading, we refer to [6, p.48].
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Let Ω ⊂ Rn be an open set. For any measurable function f : Ω → R, we define its decreasing
rearrangement f∗ : [0,∞) → [0,∞) as

(2.1) f∗(t) := inf{λ ≥ 0 : |{x ∈ Ω : |f(x)| > λ}| ≤ t} for t > 0,

and its average as

(2.2) f∗∗(s) := 1
s

ˆ s

0
f∗(t)dt, for s > 0.

Given exponents p ∈ [1,∞) and q ∈ [1,∞], the Lorentz quasi-norm is defined as

(2.3) [f ]L(p,q)(Ω) :=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
(︄ˆ ∞

0
t

q
p f∗(t)q dt

t

)︄ 1
q

if q < ∞,

sup
t>0

t
1
p f∗(t) if q = ∞.

For p ∈ (1,∞) and q ∈ [1,∞], replacing f∗ with f∗∗ in the definition (2.3) yields an
equivalent norm to (2.3), denoted by ∥f∥L(p,q)(Ω) (see [2, Thm. 4.6, Chap. 4]).

Definition 2.1. Let k ∈ N and Ω ⊂ Rn be an open set. For 1 < p < ∞, 1 ≤ q ≤ ∞, we
define the Soboloev-Lorentz space as

(2.4) W k,(p,q)(Ω) :=
{︂
f ∈ L(p,q)(Ω) : ∂αf ∈ Lp,q(Ω) for each 0 ≤ |α| ≤ k

}︂
.

It holds Lp(Ω) = L(p,p)(Ω). If |Ω| < ∞ and 1 ≤ q < p < r ≤ ∞, we have [2, Prop.4.2,
Chap. 4]

(2.5) L(r,r)⏞ ⏟⏟ ⏞
=Lr(Ω)

(Ω)
r>p
⊂ L(p,r)(Ω)

r<p
⊂ L(p,p)(Ω)⏞ ⏟⏟ ⏞

=Lp(Ω)

p<q
⊂ L(p,q)(Ω)

p>q
⊂ L(q,q)(Ω)⏞ ⏟⏟ ⏞

=Lq(Ω)

.

Several classical functional inequalities can be generalised to Lorentz spaces.

Theorem 2.2 (Hölder’s Inequality for Lorentz Spaces.). Assume f ∈ L(p1,q1)(Ω) and
g ∈ L(p2,q2)(Ω) for 1 < p1, p2, p < ∞ and let 1 ≤ q1, q2, q ≤ ∞, that satisfy

(2.6)
1
p1

+ 1
p2

= 1
p
, and 1

q1
+ 1
q2

≥ 1
q
.

Then fg ∈ L(p,q)(Ω) and satisfies

(2.7) ∥fg∥L(p,q) ≤ C(p1, p2, q1, q2)∥f∥L(p1,q1)∥g∥L(p2,q2) .

This result extends to the case where (p1, q1) = (∞,∞), reducing to the standard L∞ bound.

Proof. See [15, Thm. 3.4] □

Theorem 2.3 (Young’s Inequality for Convolutions.). Assume f ∈ L(p1,q1)(Rn) and
g ∈ L(p2,q2)(Rn) for 1 < p1, p2, p < ∞ and let 1 ≤ q1, q2, q ≤ ∞, that satisfy

(2.8)
1
p1

+ 1
p2

= 1 + 1
p
, and 1

q1
+ 1
q2

≥ 1
q
.
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Then f ∗ g ∈ L(p,q)(Rn) and satisfies

(2.9) ∥f ∗ g∥L(p,q) ≤ C∥f∥L(p1,q1)(p1, p2, q1, q2)∥g∥L(p2,q2) .

Proof. See [15, Thm. 2.6]. □

Corollary 2.4 (Improved Sobolev Embeddings). Let n ≥ 2, 1 ≤ p < n, and 1 ≤ q ≤
∞. Define the Sobolev conjugate exponent p∗ = np

n−p . Then the Sobolev-Lorentz space
W 1,(p,q)(Rn) embeds continuously into the Lorentz space L(p∗,q)(Rn):

(2.10) W 1,(p,q)(Rn) ↪→ Lp∗,q(Rn).

In particular, for standard Sobolev spaces where q = p, we have W 1,p(Rn) ↪→ Lp∗,p(Rn),
and for the endpoint p = 1,

(2.11) W 1,1(Rn) ↪→ L
n

n−1 ,1(Rn).

Proof. See [16, p. 294, Thm. 4.1], [15, Thm. 2.6]. The case p = 1 can be find in [17] □

Proposition 2.5. Let Ω ⊂ Rn be a bounded domain with Lipschitz boundary. Let 1 ≤ p < n

and 1 ≤ q ≤ ∞, and p∗ = np
n−p its conjugate Sobolev exponent. For every u ∈ W 1,(p,q)(Ω),

we have

(2.12) ∥u− ūΩ∥Lp∗,q(Ω) ≤ C∥∇u∥Lp,q(Ω),

where ūΩ = 1
|Ω|

´
Ω u(x) dx and C = C(n, p, q,Ω) > 0 is a constant independent of u.

Proposition 2.6. Let f ∈ L1
loc(Rn) with ∇f ∈ L(n,1)(Rn). Then f is equivalent to a

continuous function and satisfies

(2.13) ∥f − c∥L∞ ≤ C∥∇f∥L(n,1) ,

where c = c(f) a suitable constant.

The corresponding proofs can be found in [2, 15, 23].

3. Construction of a Gauge P ∈ W 1,(n,q)(Bn, SO(m)).

The following Lemma provides a suitable gauge that, due to the better integrability
assumption of Ω ∈ L(n,q) compared to the gauge in [18], also inherits better integrability.
The proof strategy remains the same as in [18] and [20].

Lemma 3.1. Let 1 ≤ q ≤ 2. There exists ε0 > 0 and C > 0 such that for any Ω ∈
L(n,q)(Bn, so(m) ⊗ ∧1) satisfying

∥Ω∥L(n,q)(Bn) ≤ Cε0,(3.1)
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then there exists P ∈ W 1,(n,q)(Bn, SO(m)) and ξ ∈ W 1,(n,q)(Bn, so(m) ⊗ ∧n−2) such that

(3.2)

⎧⎪⎪⎪⎨⎪⎪⎪⎩
∗dξ = P−1dP + P−1ΩP in Bn,

d ∗ ξ = 0 in Bn,

ξ = 0 on ∂Bn.

Moreover, the following a–priori bound holds:

(3.3) ∥dP∥L(n,q)(Bn) + ∥dξ∥L(n,q)(Bn) ≤ C∥Ω∥L(n,q)(Bn) ≤ Cε0.

We follow the approach of Uhlenbeck in [24, Lemma 2.7, Lemma 2.8]. As a first step,
we prove the Lemma for a slightly more regular space, see Lemma A.1. This makes the
map λ ↦→ P−1λP smooth. Using an approximation argument, we derive Lemma 3.1 as a
consequence of Lemma A.1.

Proof of Lemma 3.1. We will show that Lemma 3.1 follows directly from Lemma A.1.
Let Ω ∈ L(n,q)(Bn, so(m) ⊗ ∧1). We assume that ∥Ω∥L(n,q)(Bn) < ε0 for some sufficiently
small ε0 > 0 and fix ε0 later.
Let n

2 < p < n as in Lemma A.1 and recall that then W 1,(p,1) ↪→ L(n,q). Due to the density
of C∞

c (Bn) in L(n,q), there exists a sequence (Ωk)k∈N in W 1,(p,1)(Bn) such that

Ωk → Ω strongly in L(n,q).

We can construct this sequence using standard mollifiers, setting Ωk := ηk ∗ Ω. By Young’s
convolution inequality, we have:

∥Ωk∥L(n,q) ≤ ∥ηk∥L1∥Ω∥L(n,q) = ∥Ω∥L(n,q) < Cε0.

By choosing Cε0 ≤ ε(n,m), we ensure that ∥Ωk∥L(n,q) < ε(n,m) for all k, satisfying the
smallness assumption required for Lemma A.1.
Applying Lemma A.1 to each Ωk, there exist sequences Pk ∈ W 2,(p,1)(Bn, SO(m)) and
ξk ∈ W 2,(p,1)(Bn, so(m) ⊗ ∧n−2) satisfying the gauge system (A.4), as well as the uniform
bounds (A.5) and (A.6).
Because the bounds in (A.6) are uniform with respect to k, we can extract weakly converging
subsequences (the index is again denoted by k) such that Pk ⇀ P and ξk ⇀ ξ weakly in
W 2,(p,1). Passing to the limit as k → ∞, we conclude the proof of Lemma 3.1. □

4. Proof of Theorem 1.1 – an "almost" Jacobian structure.

Proof of Theorem 1.1. Since continuity is a local property, it suffices to prove continuity on
the ball B1−τ0(0) for an arbitrary τ0 ∈ (0, 1). Since the L(n,q)-norm is absolute continuous,
we can find a uniform radius r0 > 0 such that for any r < r0 and any x ∈ B1−τ0(0), we
have Br(x) ⊂ Bn and

∥Ω∥L(n,q)(Br(x)) ≤ Cε0.(4.1)
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During the proof, it is possible to adopt ε0 as small as is necessary. By Lemma 3.1, this
yields a local gauge P ∈ W 1,(n,q)(Br(x), SO(m)) and ξ ∈ W 1,(n,q)(Br(x), so(m) ⊗ ∧n−2) for
which (3.2) holds on Br(x).
Applying this gauge transformation to du, we deduce:

(4.2)

−d∗(P−1du) = −dP−1 · du+ P−1Ωdu

= (P−1dP + P−1ΩP )P−1du

= ∗dξ · P−1du,

where we used the identity d(P−1P ) = 0, which yield −dP−1P = P−1dP . In analogy with
[20], equation (4.2) defines an “almost” Jacobian structure.

In this approach, we apply a duality argument inspired by [19, Thm. 3.5] and [20,
p. 459]. Let δ ∈ (0, 1) and consider an arbitrary 1-form ϕ ∈ L(n,1)(Bδr(x),∧1) with
∥ϕ∥L(n,1)(Bδr(x)) ≤ 1. Further, define the extension by zero ˜︁ϕ := ϕχBδr(x), so that
∥˜︁ϕ∥L(n,1)(Br(x)) ≤ 1.

Consider the Hodge decomposition (see [11, Cor. 10.5.1] for further details)

(4.3) ˜︁ϕ = dφ+ d∗ψ + h in Br(x),

where dφ ∈ dW
1,(n,1)
T (Br(x)), d∗ψ ∈ d∗W

1,(n,1)
N (Br(x),∧2),1 and h ∈ C∞(Br(x),∧1) is a

harmonic 1-form satisfying dh = 0, d∗h = 0. Moreover, it holds:

∥dφ∥L(n,1)(Br(x)) + ∥d∗ψ∥L(n,1)(Br(x)) + ∥h∥L(n,1)(Br(x)) ≤ C∥˜︁ϕ∥L(n,1)(Br(x)) ≤ C.(4.4)

We note briefly that this extension is required to ensure interior estimates for the harmonic
part of ˜︁ϕ at a later stage. In addition, it enables us to combine all individual components
in the final step.

Morrey decay estimate for ∥∇u∥
L

( n
n−1 ,∞)(Bδr(x))

Since P ∈ SO(m), the norm is preserved, i.e., |P−1∇u| = |∇u|. Using the duality between
L(n,1) and L( n

n−1 ,∞), we can write:

(4.5)

∥∇u∥
L

( n
n−1 ,∞)(Bδr(x))

= ∥P−1∇u∥
L

( n
n−1 ,∞)(Bδr(x))

= sup
ϕ∈L(n,1)(Bδr(x),∧1)
∥ϕ∥

L(n,1)(Bδr(x))≤1

ˆ
Bδr(x)

P−1du · ϕ dvoln.

1This notation was introduced in [10, p. 38].
dW

1,(r,s)
T (Br(x)) := {dφ | φ ∈ W 1,(r,s)(Br(x)), φ|∂Br(x) = 0},

d∗W
1,(r,s)
N (Br(x),∧2) := {d∗ψ | ψ ∈ W 1,(r,s)(Br(x),∧2), ∗ψ|∂Br(x) = 0}.
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Fix an arbitrary test form ϕ ∈ L(n,1)(Bδr(x),∧1) with ∥ϕ∥L(n,1)(Bδr(x)) ≤ 1 with the
extension ˜︁ϕ on Br(x) as explained above. Substituting the Hodge decomposition ˜︁ϕ = dφ+
d∗ψ + h, we obtain:

(4.6)

ˆ
Bδr(x)

P−1du · ϕ dvoln =
ˆ

Br(x)
P−1du · ˜︁ϕ dvoln

=
ˆ

Br(x)
P−1du · (dφ+ d∗ψ + h) dvoln.

We will estimate each of these three terms separately. In the last step, we take the
supremum over all such ϕ ∈ L(n,1)(Bδr(x),∧1) and we conclude by combining them.

Estimate containing dφ.
Define ūBr(x) :=

 
Br(x)

u. Using Stokes’ Theorem and the fact that φ|∂Br(x) = 0, the

boundary term vanishes, yields:

(4.7)

ˆ
Br(x)

dφ ∧ ∗P−1du =
ˆ

Br(x)
d(φ ∗ P−1du) −

ˆ
Br(x)

φd(∗P−1du)

=
ˆ

Br(x)
dξ ∧ (φP−1)du

= (−1)n−1
ˆ

Br(x)
d
(︁
dξφP−1(u− ūBr(x))

)︁
−
ˆ

Br(x)
dξ ∧ d(φP−1)(u− ūBr(x))

= −
ˆ

Br(x)
dξ ∧ d(φP−1)(u− ūBr(x))

This implies in particular

(4.8)

⃓⃓⃓⃓
⃓
ˆ

Br(x)
dφ ∧ ∗P−1du

⃓⃓⃓⃓
⃓ ≲ ∥dξ∥L(n,q)(Br(x))

(︂
∥dφ∥L(n,q′) + ∥φ∥L∞∥dP∥L(n,q′)

)︂

· ∥u− ūBr(x)∥L
( n

n−2 ,∞)

≤ C ′ε0(1 + Cε0)∥∇u∥
L

( n
n−1 ,∞)(Br(x))

,

where we used d(dξ) = 0, W 1,(n,1) ↪→ W 1,(n,q) ↪→ W 1,(n,q′) due to

(4.9) q ≤ q′ ⇔ 1
q

≥ 1
q′ = 1 − 1

q
⇔ 1 ≤ q ≤ 2,

the embedding W 1,(n,1) ↪→ L∞ (see Prop. 2.6), estimate (3.3) together with (4.1), and the
Lorentz-Hölder exponent relations (see Cor. 2.4):

(4.10) 1
n

+ 1
n

+ n− 2
n

= 1, 1
q

+ 1
q′ + 1

∞
= 1.
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Estimate containing d∗ψ.
Analogously to the above, using Stokes’ Theorem together with the boundary condition
∗ψ|∂Br(x) = 0, we obtain:
(4.11)ˆ

Br(x)
P−1du ∧ d ∗ ψ =

ˆ
Br(x)

(︂
d(P−1(u− ūBr(x))) − dP−1(u− ūBr(x))

)︂
∧ d ∗ ψ

= −
ˆ

Br(x)
d
(︂
d
(︁
P−1(u− ūBr(x))

)︁
∧ ∗ψ

)︂
−
ˆ

Br(x)
dP−1(u− ūBr(x)) ∧ d ∗ ψ

= −
ˆ

Br(x)
dP−1(u− ūBr(x)) ∧ d ∗ ψ.

This implies in particular
(4.12)⃓⃓⃓⃓
⃓
ˆ

Br(x)
P−1du ∧ d ∗ ψ

⃓⃓⃓⃓
⃓ ≲ ∥dP∥L(n,q)(Br(x))∥u− ūBr(x)∥L

( n
n−2 ,∞)(Br(x))

∥d∗ψ∥L(n,q′)(Br(x))

(2.12)
≤ C ′′ε0∥∇u∥

L
( n

n−1 ,∞)(Br(x))
,

where we used the embedding (see Theorem 2.2)

(4.13) L(n,q) · L(n,q′) ↪→ L(n/2,1).

Remark 4.1. We briefly explain why the assumption Ω ∈ L(n,q) is indeed necessary
and optimal. In (4.11), it would actually be enough to assume only dP ∈ Ln, because
d∗ψ ∈ L(n, n

n−1 ) could compensate for this weaker integrability (recall that d∗ψ ∈ L(n,1)).
However, the stronger assumption becomes essential in (4.7). There, if we only had dξ ∈ Ln,
we would need d(φP ) ∈ L(n, n

n−1 ), which requires dP ∈ L(n, n
n−1 )–a condition that not be

satisfied in general.

Estimate containing h.
Since P ∈ SO(m), we have:

(4.14)
⃓⃓⃓⃓
⃓
ˆ

Br(x)
P−1du ∧ ∗h

⃓⃓⃓⃓
⃓ ≲ ∥du∥

L
( n

n−1 ,∞)(Br(x))
∥h∥L(n,1)(Br(x)).

In order to apply interior estimates for harmonic forms, we exploit the fact that we have
extended the test function ϕ to ˜︁ϕ, and we claim that for δ ∈ (0, 3

4) we have:

∥h∥L(n,1)(Br(x)) ≤ Cδn−1.(4.15)
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Proof of the Claim. By a duality argument, we have:

(4.16) ∥h∥L(n,1)(Br(x)) = sup
k∈L

( n
n−1 ,∞)(Br(x))

∥k∥
L

( n
n−1 ,∞)

(Br(x))
≤1

ˆ
Br(x)

h · k dvoln.

Consider an arbitrary but fixed k = df + d∗g + H ∈ L( n
n−1 ,∞)(Br(x)) with df ∈

dW
1,( n

n−1 ,∞)
T (Br(x)), d∗g ∈ d∗W

1,( n
n−1 ,∞)

N (Br(x),∧2), and H ∈ C∞(Br(x),∧1) and satisfy

(4.17)
∥df∥

L
( n

n−1 ,∞)(Br(x))
+ ∥d∗g∥

L
( n

n−1 ,∞)(Br(x)
+ ∥H∥

L
( n

n−1 ,∞)(Br(x)

≤ C∥k∥
L

( n
n−1 ,∞)(Br(x)

≤ C.

Since ˜︁ϕ is supported in Bδr(x) with ∥˜︁ϕ∥L(n,1)(Br(x)) ≤ 1, orthogonality yields:

(4.18)

ˆ
Br(x)

h · (df + d∗g + H) dvoln =
ˆ

Br(x)
h · H dvoln

=
ˆ

Br(x)
˜︁ϕ · H dvoln =

ˆ
Bδr(x)

˜︁ϕ · H dvoln

≤ ∥˜︁ϕ∥L(n,1)(Bδr(x))∥H∥
L

( n
n−1 ,∞)(Bδr(x))

≤ ∥H∥
L

( n
n−1 ,∞)(Bδr(x))

.

Since H is harmonic, the following function is monotone increasing for any 1 ≤ p < ∞ 2

r ↦→ 1
rn

ˆ
Br(x)

|H|p.(4.19)

Following the strategy in [19, p. 145], we choose δ ∈ (0, 1) independent of r such that
δr < 3

4r holds, i.e., δ ∈ (0, 3
4), which yields

(4.20)

(︃ 1
δr

)︃n ˆ
Bδr(x)

|H|p ≤
(︃ 1

3r/4

)︃n ˆ
B3r/4(x)

|H|p

⇔
ˆ

Bδr(x)
|H|p ≤

(︃4δ
3

)︃n ˆ
B3r/4(x)

|H|p.

Because H is harmonic, all local Lp norms are comparable by interior estimates and the
mean-value formula. By choosing 1 < p < n

n−1 , we have L( n
n−1 ,∞)(Br(x)) ↪→ Lp(Br(x)) on

2This is a direct consequence of that fact that for 1 ≤ p < ∞, we have ∆|H|p ≥ 0 and hence |H|p is
subharmonic. For details see A.3.



12 CAROLIN BAYER

Br(x). Using ∥H∥
L

( n
n−1 ,∞)(Br(x))

≤ ∥k∥
L

( n
n−1 ,∞)(Br(x))

≤ 1, we obtain:
(4.21)

∥H∥
L

( n
n−1 ,∞)(Bδr(x))

≲ (δr)
n(p−1)

p
−1∥H∥Lp(Bδr(x))

(4.20)
≤ C(n, p)δ

n
p (δr)

n(p−1)
p

−1∥H∥Lp(Br(x))

p< n
n−1
≤ C(n, p)δ

n
p (δr)

n(p−1)
p

−1∥H∥
L

( n
n−1 ,∞)(Br(x))

∥1∥
L

( np
n−p(n−1) ,p)

(Br(x))

≤ C(n, p)δ
n
p (δr)

n(p−1)
p

−1
r

n−(n−1)p
p ∥H∥

L
( n

n−1 ,∞)(Br(x))

= C(n, p)δn−1∥H∥
L

( n
n−1 ,∞)(Br(x))

.

where we used Hölder inequality for the parameters (recall p < n
n−1)

(4.22) 1
p

= n− 1
n

+ 1
np

n−p(n−1)
,

1
p

= 1
∞

+ 1
p
.

Combining (4.16), (4.18), (4.21) and taking the supremum over k ∈ L( n
n−1 ,∞)(Br(x))

completes the proof of the claim. □

Combining (4.14) with (4.15) then yields

(4.23)
⃓⃓⃓⃓
⃓
ˆ

Br(x)
P−1du ∧ ∗h

⃓⃓⃓⃓
⃓ ≤ C ′′′δn−1∥∇u∥

L
( n

n−1 ,∞)(Br(x))
.

The final bound.
Combining the estimates (4.7), (4.11), and (4.23), taking the supremum over all ϕ ∈
L(n,1)(Bδr(x),∧1) with ∥ϕ∥L(n,1)(Bδr(x)) ≤ 1, and insert into (4.5), we end up with:

∥∇u∥
L

( n
n−1 ,∞)(Bδr(x))

≤
(︂
ε0(C ′ + C ′′) + δn−1C ′′′

)︂
∥∇u∥

L
( n

n−1 ,∞)(Br(x))
.(4.24)

Fix an arbitrary exponent α ∈ (0, n− 1). Since n− 1 − α > 0, we can choose δ ∈ (0, 3/4)
small enough such that

(4.25) C ′′′δn−1 ≤ 1
2δ

α ⇔ δ ≤
(︃ 1

2C ′′′

)︃ 1
n−1−α

.

With δ ∈ (0, 3/4) now fixed, we choose ε0 > 0 sufficiently small such that

(4.26) ε0(C ′ + C ′′) ≤ 1
2δ

α.

Combining (4.25) and (4.26) yields the following decay:

(4.27) ∥∇u∥
L

( n
n−1 ,∞)(Bδr(x))

≤ δα∥∇u∥
L

( n
n−1 ,∞)(Br(x))

.
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Iteration argument.
Let 0 < r < r0 be arbitrary. Then there exists k ∈ N0 such that

(4.28) δk+1r0 ≤ r < δkr0 ⇔ δk+1 ≤ r

r0
< δk.

Iterating (4.27) k times yield:

(4.29)

∥∇u∥
L

( n
n−1 ,∞)(Br(x))

≤ ∥∇u∥
L

( n
n−1 ,∞)(B

δkr0
(x))

≤ δαk∥∇u∥
L

( n
n−1 ,∞)(Br0 (x))

≤ δα(k+1) 1
δα

∥∇u∥
L

( n
n−1 ,∞)(Br0 (x))

(4.28)
≤

(︃
r

r0

)︃α 1
δα

∥∇u∥
L

( n
n−1 ,∞)(Br0 (x))

(4.25)=
(︃
r

r0

)︃α

(2C ′′′)
α

n−1−α ∥∇u∥
L

( n
n−1 ,∞)(Br0 (x))

.

Taking the supremum over 0 < r < r0 and x ∈ B1−τ0(0), we obtain for any α ∈ (0, n− 1)
a constant C(n, α, r0) > 0 such that

sup
x∈B1−τ0 (0)

0<r<r0

r−α∥∇u∥
L

( n
n−1 ,∞)(Br(x))

≤ C(n, α, r0) < ∞,(4.30)

where C(n, α, r0) := (2C ′′′)
α

n−1−α r−α
0 ∥∇u∥

L
( n

n−1 ,q′)(Bn)
and we used L( n

n−1 ,q′) ⊂ L( n
n−1 ,∞).

Conclusion: Continuity via Morrey space techniques.
For any x ∈ B1−τ0(0) and 0 < r < r0, Hölder’s inequality together with (4.30) yields:

(4.31)
∥∇u∥L1(Br(x)) ≲ ∥∇u∥

L
( n

n−1 ,∞)(Br(x))
∥1∥L(n,1)(Br(x))

≤ C̃rα · r = C̃rα+1,

where we used that ∥1∥L(n,1)(Br(x)) ≲ r.
Since (4.31) holds for any α < n− 1, choosing n− 2 < α < n− 1 and defining µ := α −
n+ 2 ∈ (0, 1), the decay estimate can be rewritten as:

(4.32) ∥∇u∥L1(Br(x)) ≤ C̃rn−1+µ.

By Morrey’s Dirichlet Growth Theorem [14, Thm. 3.5.2], (4.32) implies Hölder continuity
on the domain B1−τ0(0), i.e., u ∈ C0,µ(B1−τ0(0)).
Since τ0 ∈ (0, 1) was arbitrary, we conclude that u ∈ C0,µ

loc (Bn), completing the proof of
Theorem 1.1.

□
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5. Proof of Theorem 1.2 – a "full" Conservation law.

The entire section follows the strategy of Rivière in [18, Thm. I.1, I.3, I.4].

Theorem 5.1. There exists ε0 > 0 and C0 > 0 such that for any Ω ∈ L(n,q)(Bn, so(m)⊗∧1)
satisfying

∥Ω∥L(n,q) ≤ Cε0,(5.1)

then there exists A ∈ L∞∩W 1,(n,q)(Bn, GL(m)) and B ∈ W 1,(n,q)(Bn,Rm×m⊗∧2) satisfying

(5.2)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∥ dist(A,SO(m))∥L∞(Bn) ≤ C0∥Ω∥L(n,q)(Bn),

∥d∗B∥L(n,q) ≤ C0∥Ω∥L(n,q) ,

−d∗B = dA−AΩ.

Proof. Since (5.1) is satisfied, we apply again Lemma 3.1 and we follow the existence of
P ∈ W 1,(n,q)(Bn, SO(m)), ξ ∈ W 1,(n,q)(Bn, so(m)) ⊗ ∧n−2) which satisfies the system (3.2)
as well as the a-priori bound:

(5.3) ∥dξ∥L(n,q)(Bn) + ∥dP∥L(n,q)(Bn) ≤ C∥Ω∥L(n,q)(Bn).

We make the ansatz:

(5.4) A := (Idm + σ)P−1 ⇒ dA = dσP−1 + (I + σ)dP−1,

for some σ ∈ L∞ ∩ W 1,(n,1)(Bn,Rm×m) with ∥σ∥L∞ < 1. A direct consequence of the
assumption is that A is invertible due to Neumann series. This assumption will be justified
later, once the a-priori bounds (5.2) have been established.
We follow the strategy of Rivière in [18, Thm. I.4]. (Note that he constructs (Idm + σ) by
finding Ã and σ takes the role of Â there.)

We seek for A and B satisfying (5.2). Using ansatz (5.4) then yields

(5.5)

−d∗B = dA−AΩ, ⇔ −d∗B
(5.4)= dσP−1 + (Idm + σ)dP−1 − (Idm + σ)P−1Ω

⇔ −d∗BP = dσ − (Idm + σ) (−dP−1P + P−1ΩP )⏞ ⏟⏟ ⏞
=∗dξ

⇔ −d∗BP = dσ − (Idm + σ) ∗ dξ.

Applying the d∗(·)-operator leads to

(5.6) −∆σ + (−1)n−1 ∗ (dσ ∧ dξ) = d∗B · dP.

Note that (5.5) is multiplying again by P−1 equivalent to

(I + σ) ∗ dξP−1 = d∗B + dσP−1,(5.7)



RIVIÈRE’S GL(m)-GAUGE CONSTRUCTION FOR ANTISYMMETRIC POTENTIALS 15

and hence by applying the d(·) operator (and recalling that d(dσP−1) = −dσ ∧ dP−1 =
−d(σdP−1)) this leads to the following system

d(∗dξP−1) + d(σ ∗ dξP−1) = ∆B − d(σdP−1).(5.8)

Combining (5.6) and (5.8), we then look for σ ∈ W 1,(n,q)(Bn,Rm×m) and B ∈
W 1,(n,q)(Bn,Rm×m,∧2) which solves

(5.9)

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

−∆σ = (−1)n ∗ (dσ ∧ dξ) + d∗B · dP in Bn,

∆B = d(∗dξP−1) + d(σ ∗ dξP−1) + d(σdP−1) in Bn,

∂νσ = 0, B = 0 on ∂Bn,ˆ
Bn

σ = Idm.

For the sake of simplicity, we omit the domain Bn. Standard elliptic estimates W 1,( n
2 ,1) ↪→

L(n,1) (see again Theorem 2.4), and Hölder’s inequality gives:

(5.10)

∥dσ∥L(n,1) ≲ ∥∆σ∥
L( n

2 ,1) ≲ ∥dσ∥L(n,q′)∥dξ∥L(n,q) + ∥d∗B∥L(n,q′)∥dP∥L(n,q)

(5.3)
≤ C ′∥Ω∥L(n,q)∥dσ∥L(n,q′) + C ′∥Ω∥L(n,q)∥d∗B∥L(n,q′) ,

together with W 1,(n,1) ↪→ L∞ and L(n,q) ⊂ L(n,q′) due to 2 ≤ q ≤ q′, we have

(5.11)

∥d∗B∥L(n,q′) ≲ ∥d∗B∥L(n,q) ≲ ∥dξP−1∥L(n,q) + ∥σ ∗ dξP−1∥L(n,q) + ∥σdP−1∥L(n,q)

≲ ∥dξ∥L(n,q)∥P−1∥L∞ + ∥σ∥L∞∥dξ∥L(n,q)∥P−1∥L∞ + ∥σ∥L∞∥dP−1∥L(n,q)

≤ C ′′∥Ω∥L(n,q) + C ′′∥dσ∥L(n,1)∥Ω∥L(n,q) .

Choosing ε0 small enough, by a fix-point argument we obtain the existence of B and σ,
and hence also A, such that

(5.12) ∥dσ∥L(n,1) + ∥σ∥L∞ + ∥d∗B∥L(n,q) ≤ C0∥Ω∥L(n,q) .

Using (5.4), σ = AP − Idm, estimate (5.12) then leads to

(5.13) ∥AP − Idm∥L∞(Bn) + ∥d∗B∥L(n,q)(Bn) ≤ C0∥Ω∥L(n,q)(Bn).

Again using the ansatz A = (Idm + σ)P−1, estimate (5.12) further leads to

(5.14)

∥dA∥L(n,q) ≲ ∥dσP−1∥L(n,q) + (1 + ∥σ∥L∞)∥dP−1∥L(n,2)

1≤q

≲ ∥dσ∥L(n,1) + C ′∥Ω∥L(n,q) + C ′′∥Ω∥2
L(n,q)

≲ C∥Ω∥L(n,q)
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for a small enough ε0 > 0. It remains to discuss the bound for dA−1. We have AA−1 = Idm

and hence

(5.15) dAA−1 +AdA−1 = 0 ⇒ dA−1 = −A−1dAA−1.

Equation (5.15) leads to

(5.16) ∥dA−1∥L(n,q) ≲ ∥A−1∥2
L∞∥dA∥L(n,q) .

If we show that A−1 is bounded in L∞, we can conclude by using (5.13). Since the
Neumann series is well-defined by assumption, we have:

A−1 =
(︁
(Idm + σ)P−1)−1 = P

∞∑︂
k=0

(−σ)k.(5.17)

Choosing ε0 <
1

2C0
, (5.17) is absolute-convergent and we get
∞∑︂

k=0
∥σ∥k

L∞ = 1
1 − ∥σ∥L∞

≤ 1
1 − C0ε0

choice of ε0
≤ 2 < ∞,(5.18)

It remains to show that the equality −d∗B = dA−AΩ holds.

Since B is a solution of (5.9), (Idm + σ) ∗ dξP−1 − d∗B − dσP−1 is exact, and hence there
exists a C ∈ W 1,(n,q)(Bn) such that

(5.19)
dC = (Idm + σ) ∗ dξP−1 − d∗B − dσP−1,

⇔ dCP = (Idm + σ) ∗ dξ − d∗BP − dσ.

Applying the d∗(·)-operator on (5.19), one gets

(5.20) ∆CP + dC · dP = ∗(dσ ∧ dξ) − d∗B · dP − ∆σ (5.9)= 0.

We want to show that C = 0, from which (5.9) follows immediately.
Applying P−1 on both sides of (5.20) and using dPP−1 = −PdP−1, C solves

(5.21)

⎧⎨⎩∆C = dC · PdP−1 in Bn,

C = 0 on ∂Bn.

Using once more the Calderón-Zygmund estimates, we get

(5.22)
∥dC∥L(n,q)

1≤q

≲ ∥dC∥L(n,1) ≲ ∥∆C∥
L( n

2 ,1) ≲ ∥dC∥L(n,q)∥P∥L∞∥dP∥L(n,q′)

≲ ε0∥dC∥L(n,q) ,

and hence ∇C ≡ 0. Due to the zero boundary conditions in (5.21), we conclude C = 0.
This finishes the proof of Theorem 5.1.

□

We now give the continuity proof of solutions u ∈ W 1,( n
n−1 ,q′)(Bn) to system (1.6).
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Proof of Theorem 1.2. We argue analogously as in the proof of Section 4.
Since continuity is a local property, it suffices to prove continuity on the ball B1−τ0(0) for an
arbitrary τ0 ∈ (0, 1). Since the L(n,q)-norm is absolutely continuous, we can find a uniform
radius R0 > 0 such that for any R < R0 and any x ∈ B1−τ0(0), we have BR(x) ⊂ Bn and
Ω ∈ L(n,q)(Bn, so(m) ⊗ ∧1) satisfies the smallness threshold given in Theorem 5.1:

∥Ω∥L(n,q)(BR(x)) ≤ Cε0.(5.23)

During the proof, it is possible to adopt ε0 as small as is necessary. Theorem 5.1 yields the
existence of A ∈ L∞ ∩W 1,(n,q)(BR(x),GL(m)) and B ∈ W 1,(n,q)(BR(x), so(m) ⊗ ∧2) such
that

−d∗B = dA−AΩ in BR(x).(5.24)

The conservation law claimed in (1.10) then follows by a direct computation:

(5.25)

d(∗Adu) = dA ∧ ∗du+A ∗ ∆u = dA ∧ ∗du−AΩ ∧ ∗du

(1.9)= −d∗B ∧ ∗du = −(−1)n+1 ∗ d ∗B ∧ ∗du

= (−1)n ∗ d ∗B ∧ ∗du = −(−1)n−1d ∗B ∧ du

= −(−1)n−1d((∗B) ∧ du).

Next, by a Hodge decomposition there exist dα ∈ dW
1,( n

n−1 ,2)
T (BR(x)), d∗β ∈

d∗W
1,( n

n−1 ,2)
N (BR(x),∧n−2), and h ∈ C∞(BR(x),∧1) such that

(5.26)

⎧⎪⎪⎪⎨⎪⎪⎪⎩
Adu = dα+ ∗dβ + h in BR(x),

α = ∗β = 0 on ∂BR(x),

h = Adu on ∂BR(x).

Using (5.25), α and β then solve:

(5.27)

⎧⎨⎩−∆α = d∗(Adu) = d∗B · du in BR(x),

α = 0 on ∂BR(x),

and

(5.28)

⎧⎨⎩∆β = ∗d(Adu) = ∗(dA ∧ du) in BR(x),

∗β = 0 on ∂BR(x).
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Using again the endpoint interpolation of Riesz potentials together with L( n
n−1 ,1) ↪→ L( n

n−1 ,q′)

(q′ ≥ 2), we get the existence of a constant C > 0 such that

(5.29)

∥dα∥
L

( n
n−1 ,q′)(BR(x))

≲ ∥d∗B∥L(n,q)(BR(x))∥du∥
L

( n
n−1 ,q′)(BR(x))

≤ Cε0∥du∥
L

( n
n−1 ,q′)(BR(x))

,

∥d∗β∥
L

( n
n−1 ,q′)(BR(x))

≲ ∥dA∥L(n,q)(BR(x))∥du∥
L

( n
n−1 ,q′)(BR(x))

≤ Cε0∥du∥
L

( n
n−1 ,q′)(BR(x))

.

Morrey space decay estimate.
Let δ ∈ (0, 3

4). We follow the strategy of the proof in Section 4. Using the fact that
A ∈ GL(m), (5.26) can be rewritten as du = A−1dα+A−1 ∗ dβ +A−1h, we get:

(5.30)
∥∇u∥

L
( n

n−1 ,q′)(BδR(x))

≲ ∥A−1∥L∞(BδR)
(︂
∥dα∥

L
( n

n−1 ,q′)(BδR(x))
+ ∥d∗β∥

L
( n

n−1 ,q′)(BδR(x))
+ ∥h∥

L
( n

n−1 ,q′)(BδR(x))

)︂
(⋆)
≲ ∥dα∥

L
( n

n−1 ,q′)(BR(x))
+ ∥d∗β∥

L
( n

n−1 ,q′)(BR(x))
+ δn−1∥h∥

L
( n

n−1 ,q′)(BR(x))

(5.26)
≲ ∥dα∥

L
( n

n−1 ,q′)(BR(x))
+ ∥d∗β∥

L
( n

n−1 ,q′)(BR(x))

+ δn−1
(︂
∥Adu∥

L
( n

n−1 ,q′)(BR(x))
+ ∥dα∥

L
( n

n−1 ,q′)(BR(x))
+ ∥d∗β∥

L
( n

n−1 ,q′)(BR(x))

)︂

≲

(︄
ε0 + δn−1 + ∥A∥L∞δn−1

)︄
∥∇u∥

L
( n

n−1 ,q′)(BR(x))

≤ C ′
(︄
δn−1 + ε0

)︄
∥∇u∥

L
( n

n−1 ,q′)(BR(x))
.

The estimate in (⋆) needs to be discussed. Again, we use the monotonicity properties
of harmonic functions/forms and refer the reader to the Proof in Section 4, specifically
equation (4.20). In that argument, one may choose p = n

n−1 , since the exponent does not
need to be modified again on a larger ball and no further interior estimates are required.
Note that due to the construction of A in Theorem 5.1, A−1 is bounded for the choice of
ε0 <

1
2C0

( see (5.18)):

(5.31) ∥A−1∥L∞ = ∥P (Idm + σ)−1∥L∞ ≲
1

1 − ε0
≤ 2.
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Fix an arbitrary exponent α ∈ (0, n− 1). Since n− 1 − α > 0, we can choose δ ∈ (0, 3/4)
small enough such that

(5.32) C ′δn−1 ≤ 1
2δ

α ⇔ δ ≤
(︃ 1

2C ′

)︃ 1
n−1−α

.

With δ ∈ (0, 3/4) now fixed, we choose ε0 > 0 sufficiently small such that

(5.33) C ′ε0 ≤ 1
2δ

α.

Iteration argument.
Following the iteration argument in Section 4, for any α ∈ (0, n − 1) and constant
C(n, α,R0) > 0, we end up with:

sup
x∈B1−τ0 (0)

0<R<R0

R−α∥∇u∥
L

( n
n−1 ,q′)(BR(x))

≤ C(n, α,R0) < ∞,(5.34)

where C(n, α,R0) := (2C ′)
α

n−1−αR−α
0 ∥∇u∥

L
( n

n−1 ,q′)(Bn)
and we used BR(x) ⊂ Bn.

Conclusion: Higher integrability of ∇u via Morrey-Adams techniques.
Let x ∈ B1−τ0(0), R < R0, and α ∈ (0, n− 1). Equation (5.34) leads to

(5.35)
ˆ

BR(x)
|∆u| ≲ ∥Ω∥L(n,q)(BR(x))∥∇u∥

L
( n

n−1 ,q′)(BR(x))
≲ ∥Ω∥L(n,q)(BR(x))R

α.

Standard estimates by Adams [1, Prop. 3.2.(ii)] then yield ∇u ∈ Ls
loc and hence ∇u ∈ L

(s̄,q′)
loc

for s > s̄ > n
n−1 due to Ls ⊂ L(s̄,q′). Indeed, by weak fractional integration, we conclude

by Adams

(5.36) ∥∇u∥Ls(BR/2(x)) ≲ ∥I1(|∆u|)∥Ls(BR(x)) < ∞.

We have thus improved the integrability of the gradient to ∇u ∈ L
(s̄,q′)
loc (BR(x)) with

s > s̄ > n
n−1 . Consequently, the right-hand side of −∆u = Ω · ∇u becomes subcritical via

Hölder’s inequality on Lorentz spaces, L(n,q)
loc · L(s̄,q′)

loc ↪→ Lr
loc for some r > 1. By standard

Calderón-Zygmund estimates and bootstrapping arguments, one obtains

(5.37) ∆u ∈ Lp
loc for every n > p >

n

2 .

Note that the regularity of Ω ∈ L(n,q) limits the regularity of ∆u. Indeed, we can bootstrap
∇u ∈ Ls for any s < ∞ arbitrary large. However, due to the structure of the equation, we
have that p is defined by

(5.38) 1
s

+ 1
n

= 1
p

⇔ p = ns

n+ p
.

p = p(s) is monotone increasing in s and hence bounded by p = p(s) → n for s → ∞.
Finally, by the Sobolev embedding W 2,p

loc (Bn) ↪→ C0,β
loc (Bn) with n

2 < p < n and β := 2 − n
p

we obtain Hölder continuity, which finishes the proof.
□
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6. The Optimality of the Result.

Proposition 6.1. Let n ≥ 3. For every ε0 > 0, there exist u ∈ W 1 n
n−1 (Bn,Rn+1) and

Ω ∈ Ln(Bn, so(n+ 1) ⊗ ∧1) such that

(6.1) ∥Ω∥Ln(Bn) < ε0, −∆u = Ω · ∇u in D′(Bn),

but u is unbounded at the origin and hence u has no continuous representative.

Proof. We divide the construction and verification into several steps.

Step 1. Polar coordinates and elementary computations.
Write

(6.2) r := |x| =

⌜⃓⃓⎷ n∑︂
i=1

x2
i , θ := x

|x|
∈ Sn−1, t := T + log 1

r
= T − log r,

where T ≥ 2 will be chosen at the end. Differentiating t with respect to r gives dt
dr = −1

r ,
so dt = −dr

r . For k ∈ {1, . . . , n}, the functions θk = xk/r satisfy the following.

Orthogonality ⟨dθk, dr⟩ = 0: First, differentiating r2 =
∑︁n

i=1 x
2
i yields

(6.3) 2r dr =
n∑︂

i=1
2xi dxi,

which leads to

(6.4) dr =
n∑︂

i=1

xi

r
dxi =

n∑︂
i=1

θidxi.

Since ⟨dxi, dxj⟩ = δij , we get

(6.5) ⟨dxk, dr⟩ =
⟨︄
dxk,

n∑︂
i=1

θidxi

⟩︄
= θk, and |dr|2 = ⟨dr, dr⟩ =

n∑︂
i=1

θ2
i = 1.

Because dθk = d
(︁xk

r

)︁
= dxk−θkdr

r , we get

(6.6) ⟨dθk, dr⟩ = ⟨dxk, dr⟩ − θk|dr|2

r
= θk − θk(1)

r
= 0.

Further, we have

(6.7)
n∑︂

k=1
θ2

k =
n∑︂

k=1

x2
k

r2 = r2

r2 = 1.

The norm of the gradient satisfies
n∑︂

k=1
|dθk|2 = n− 1

r2 . Using |dxk|2 = 1 and ⟨dxk, dr⟩ = θk:

(6.8) |dθk|2 = |dxk|2 − 2θk⟨dxk, dr⟩ + θ2
k|dr|2

r2 = 1 − 2θ2
k + θ2

k

r2 = 1 − θ2
k

r2 .
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Summing over k = 1, . . . , n:

(6.9)
n∑︂

k=1
|dθk|2 =

∑︁n
k=1 1 −

∑︁n
k=1 θ

2
k

r2 = n− 1
r2 .

Let a = a(t) be a smooth function, and let a′ denote the differentiation with respect to t.
Using the chain rule with ∂rt = −1/r:

(6.10) ∂ra = a′(t) · ∂rt = −a′

r
.

Differentiating again with respect to r leads to:

(6.11) ∂rra = ∂r

(︃
−a′

r

)︃
= a′

r2 − ∂r(a′)
r

= a′

r2 − a′′ · (−1/r)
r

= a′′ + a′

r2 .

Consequently, the Laplacian in spherical coordinates is given by

(6.12) ∆a = ∂rra+ n− 1
r

∂ra = a′′ + a′

r2 + n− 1
r

(︃
−a′

r

)︃
= 1
r2
[︁
a′′ − (n− 2)a′]︁ .

Moreover, we have:

(6.13) d(aθk) = adθk + θkda = adθk + θka
′dt = adθk − a′θk

dr

r
.

Using ∆Sn−1θk = −(n− 1)θk, and the fact that ∇a is purely radial while ∇θk is tangential
(so ⟨∇a,∇θk⟩ = 0), we get

(6.14) ∆(aθk) = (∆a)θk + a(∆θk) = 1
r2
[︁
a′′ − (n− 2)a′ − (n− 1)a

]︁
θk.

Step 2: Definition of u.
Set

(6.15) λ := n− 2

and define, for t ≥ T ,

(6.16) h(t) := eλ(t−T )

t
, g(t) := eλ(t−T )

t3/2 .

Because et−T = elog(1/r) = r−1 (see (6.2)), these functions can be written equivalently as

(6.17) h(t) = r2−n

t
, g(t) = r2−n

t3/2 .

Define for x ̸= 0

(6.18) u(x) := (h(t), g(t)θ1, . . . , g(t)θn) ∈ R ⊕ Rn = Rn+1

and assign an arbitrary value to u(0).
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We explicitly compute the derivatives of h(t) and g(t):

h′(t) = λeλ(t−T )t− eλ(t−T )

t2
= h(t)

(︃
λ− 1

t

)︃
,(6.19)

h′′(t) = h′(t)
(︃
λ− 1

t

)︃
+ h(t)

(︃ 1
t2

)︃
= h(t)

(︃
λ2 − 2λ

t
+ 2
t2

)︃
,(6.20)

g′(t) =
λeλ(t−T )t3/2 − 3

2 t
1/2eλ(t−T )

t3
= g(t)

(︃
λ− 3

2t

)︃
,(6.21)

g′′(t) = g′(t)
(︃
λ− 3

2t

)︃
+ g(t)

(︃ 3
2t2
)︃

= g(t)
(︃
λ2 − 3λ

t
+ 15

4t2
)︃
.(6.22)

Since λ ≥ 1 (recall (6.15)) and t ≥ T ≥ 2, we have λ− 1
t ≥ 1 − 1

2 = 1
2 > 0, so

(6.23) h′(t) = h(t)
(︃
λ− 1

t

)︃
≥ 1

2h(t) > 0.

Define now

(6.24) F := λh′ − h′′, H := (n− 1)g + λg′ − g′′.

By (6.12) and (6.14) and recalling that λ = n− 2, we have:

(6.25)
−∆u0 (6.18)= −∆h (6.12)= −h′′ − λh′

r2
(6.24)= F

r2 ,

−∆uk (6.18)= −∆(gθk) (6.14)= −g′′ − λg′ − (n− 1)g
r2 θk

(6.24)= H

r2 θk, k = 1, . . . , n.

Inserting (6.19)–(6.22) into the definition of F and H in (6.24) yields:

F = λh

(︃
λ− 1

t

)︃
− h

(︃
λ2 − 2λ

t
+ 2
t2

)︃
= h

(︃
λ

t
− 2
t2

)︃
,(6.26)

H = (n− 1)g + λg

(︃
λ− 3

2t

)︃
− g

(︃
λ2 − 3λ

t
+ 15

4t2
)︃

= g

(︃
n− 1 + 3λ

2t − 15
4t2
)︃
.(6.27)

Step 3: Definition of the anti-symmetric potential Ω.
Set

(6.28) D(t) := H(t)
h′(t) , C(t) := F (t) + g′(t)D(t)

(n− 1)g(t) .

Since (recall equation (6.17))

(6.29) g/h = t−1/2,

the formulas (6.19)–(6.27) give explicitly:

(6.30) D(t) (6.19)+(6.28)=
g(t)

(︂
n− 1 + 3λ

2t − 15
4t2

)︂
h(t)

(︂
λ− 1

t

)︂ (6.17)= t−1/2n− 1 + 3λ
2t − 15

4t2

λ− 1
t

,
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and since F (t) = g(t)
(︂
λt−1/2 − 2t−3/2

)︂
(see (6.26)) and using (6.21) we can rewrite C

defined in (6.28) as:

(6.31) C(t) = 1
n− 1

[︃
λt−1/2 − 2t−3/2 +

(︃
λ− 3

2t

)︃
D(t)

]︃
.

Since t ≥ T ≥ 2, the denominator λ− 1/t ≥ 1/2 in equation (6.30) is bounded away from
zero, and hence both functions D and C remain bounded by a constant depending only on
n. Thus,

(6.32) |C(t)| + |D(t)| ≤ cnt
−1/2 for every t ≥ T ≥ 2.

For k = 1, . . . , n, introduce the scalar valued 1-forms

(6.33) ωk := C(t)dθk +D(t)θk
dr

r
.

We define Ω = (Ωij)0≤i,j≤n by

(6.34) Ω0k = ωk, Ωk0 = −ωk, Ωij = 0 otherwise.

Thus, Ωij = −Ωji by definition and hence Ω(x) ∈ so(n+ 1) ⊗ ∧1 for any x ̸= 0.

Step 4: Equation (1.6) holds pointwise a.e.
Due to equation (6.13), we have

(6.35) du0 = −h′dr

r
, duk = gdθk − g′θk

dr

r
.

We now use the following notation: (Ω · ∇u)i =
∑︁n

k=0⟨Ωik, du
k⟩:

Case i = 0: Consider the inner product with duk; using orthogonality ⟨dθk, dr⟩ = 0 gives:

(6.36)

(Ω · ∇u)0 =
n∑︂

k=1

⟨︃
Cdθk +Dθk

dr

r
, gdθk − g′θk

dr

r

⟩︃

= Cg
n∑︂

k=1
|dθk|2 −Dg′

n∑︂
k=1

θ2
k

⃓⃓⃓⃓
dr

r

⃓⃓⃓⃓2
+ 0

= Cg

(︃
n− 1
r2

)︃
−Dg′(1)

(︃ 1
r2

)︃
= (n− 1)Cg −Dg′

r2 .

By definition of C(t) in (6.28),

(6.37) (6.28) ⇔ (n− 1)Cg = F + g′D ⇔ (n− 1)Cg −Dg′ = F

holds equivalently.
Hence, we have

(6.38) (Ω · ∇u)0 (6.36)= F

r2
(6.25)= −∆u0.
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Case i ∈ {1, . . . , n}: The only non-zero component is Ωi0 = −ωi. Therefore:

(6.39)

(Ω · ∇u)i = ⟨−ωi, du
0⟩ (6.33)=

⟨︃
−Cdθi −Dθi

dr

r
,−h′dr

r

⟩︃

= Ch′
⟨︃
dθi,

dr

r

⟩︃
+Dh′θi

⃓⃓⃓⃓
dr

r

⃓⃓⃓⃓2
= 0 + Dh′

r2 θi.

By definition D = H/h′, so Dh′ = H. Thus:

(6.40) (Ω · ∇u)i = H

r2 θi
(6.25)= −∆ui.

We have shown that

(6.41) −∆u = Ω · ∇u on Bn \ {0}

holds pointwise.

Step 5: Ω ∈ Ln(so(n+ 1) ⊗ ∧1).
By the computations of Step 1 together with the explicit definition in (6.33) we have:

(6.42)
n∑︂

k=1
|ωk|2 = C2

n∑︂
k=1

|dθk|2 +D2
n∑︂

k=1
θ2

k

⃓⃓⃓⃓
dr

r

⃓⃓⃓⃓2 (6.7)+(6.9)= (n− 1)C2 +D2

r2 .

Since each ωk appears twice in Ω (at the tuple (0, k) and (k, 0)):

(6.43) |Ω|2 =
n∑︂

i,j=0
|Ωij |2 = 2

n∑︂
k=1

|ωk|2 (6.42)= 2((n− 1)C2 +D2)
r2 ≤ cn

r2t
,

where we used estimate (6.32). Using spherical coordinates (dx = rn−1drdθ), integrating
|Ω|n over Bn then yields

(6.44)
ˆ

Bn

|Ω|n dx ≤ cn|Sn−1|
ˆ 1

0

(︃ 1
r
√
t

)︃n

rn−1dr = cn|Sn−1|
ˆ 1

0

dr

rtn/2 .

Substituting t = T − log r, dt = −dr
r and r = 1 gives t = T , so r → 0 gives t → ∞ and

hence

(6.45)
ˆ 1

0

dr

rtn/2 =
ˆ ∞

T
t−n/2dt =

[︄
t1−n/2

1 − n/2

]︄∞

T

= T 1−n/2

n
2 − 1 < ∞ for n ≥ 3.

Thus, ∥Ω∥Ln(Bn) ≤ cnT
1
n

− 1
2 → 0 as T → ∞. So for T large enough, we obtain ∥Ω∥Ln(Bn) <

ε0.

Step 6. u ∈ W 1 n
n−1 (Bn,Rn+1).

We have

(6.46) |∇u|2 = |∇u0|2 +
n∑︂

k=1
|∇uk|2 (6.35)= (h′)2 + (g′)2 + (n− 1)g2

r2 .

Since g = ht−1/2 (recall (6.17)), due to equations (6.19) and (6.21) we have

(6.47) (h′)2 + (g′)2 + (n− 1)g2 ≈ λ2h2,
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and hence

(6.48) |∇u(x)| ∼ h(t)
r

(6.16)= r2−n

rt
= 1
rn−1t

.

Using (n− 1) n
n−1 = n, we get

(6.49)

ˆ
Bn

|∇u|
n

n−1dx ≤ cn|Sn−1|
ˆ 1

0
rn−1

(︃ 1
rn−1t

)︃ n
n−1

dr

= cn|Sn−1|
ˆ 1

0

dr

rt
n

n−1
= cn|Sn−1|

ˆ ∞

T
t−

n
n−1dt < ∞,

since n
n−1 > 1 for all n ≥ 3.

The computation remains for the L
n

n−1 –norm of u. Due to the definition of u in (6.18), we
have

(6.50) |u|2 = h2 + g2 = h2(1 + t−1) ≤ 2h2 for t ≥ 2.

Thus:

(6.51)
ˆ

Bn

|u|
n

n−1dx
(6.17)

≤ cn

ˆ 1

0
rn−1(r2−nt−1)

n
n−1dr = cn

ˆ 1

0
rn−1−(n−2)pt−

n
n−1 dr.

For the radial exponent we have n− 1 − (n− 2) n
n−1 = (n−1)2−n(n−2)

n−1 = 1
n−1 > −1, so the

integrand is integrable near r = 0. Hence, u ∈ W 1 n
n−1 (Bn,Rn+1).

Step 7: Removability of the singularity.
To verify that no Dirac mass is created at the origin, let φ ∈ C∞

c (Bn,Rn+1). Integrating
by parts on Bn \Bρ yields

(6.52)
ˆ

Bn\Bρ

⟨∇u,∇φ⟩dx =
ˆ

Bn\Bρ

(Ω · ∇u) · φdx+
ˆ

∂Bρ

∂ru · φdHn−1.

By (6.35), we have |∂ru| ≤ |h′|+|g′|
r . The integral over the boundary leads to

(6.53)
ˆ

∂Bρ

|∂ru|dHn−1 ≤ cnρ
n−1 |h′(tρ)| + |g′(tρ)|

ρ
= cnρ

n−2 (︁|h′(tρ)| + |g′(tρ)|
)︁
,

where tρ = T + log(1/ρ).
Recalling that eλ(tρ−T ) = eλ log(1/ρ) = ρ−λ = ρ−(n−2), we substitute h′(tρ) and g′(tρ) from
(6.19) and (6.21) in order to get:

(6.54) h′(tρ) = ρ−(n−2)t−1
ρ

(︄
λ− 1

tρ

)︄
, g′(tρ) = ρ−(n−2)t−3/2

ρ

(︄
λ− 3

2tρ

)︄
.

Multiplying by ρn−2 then gives

(6.55) ρn−2h′(tρ) = t−1
ρ

(︄
λ− 1

tρ

)︄
, ρn−2g′(tρ) = t−3/2

ρ

(︄
λ− 3

2tρ

)︄
.
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As ρ → 0+, tρ = T + log(1/ρ) → +∞ and thus:

(6.56) lim
ρ→0

ˆ
∂Bρ

|∂ru|dHn−1 ≤ cn lim
tρ→∞

⎛⎝λ− 1
tρ

tρ
+
λ− 3

2tρ

t
3/2
ρ

⎞⎠ = 0.

This shows that ρ → 0 yields

(6.57)
ˆ

Bn

⟨∇u,∇φ⟩dx =
ˆ

Bn

(Ω · ∇u) · φdx,

and we conclude that −∆u = Ω · ∇u holds in D′(Bn).

Step 8: u /∈ L∞ and is therefore not continuous.
Recall the definition of the first component of u (see (6.18)):

(6.58) u0(x) = h(t) = |x|2−n

T + log(1/|x|) .

Since n ≥ 3, as x → 0, |x|2−n grows polynomially, T + log(1/|x|) grows logarithmically.
Hence,

(6.59) u0(x) → +∞ as x → 0.

Thus, u /∈ L∞ and cannot have a continuous representative. □

Remark 6.2. The construction above has the exact asymptotic behaviour:

(6.60) |Ω(x)| ∼ 1
|x|(T + log(1/|x|))1/2 , |∇u(x)| ∼ 1

|x|n−1(T + log(1/|x|)) .

By standard rearrangement characterisation of Lorentz spaces, we have

(6.61) Ω ∈

⎛⎝⋂︂
q>2

L(n,q)(Bn)

⎞⎠ \ L(n,2)(Bn),

whereas

(6.62) ∇u ∈
(︄⋂︂

s>1
L( n

n−1 ,s)(Bn)
)︄

\ L( n
n−1 ,1)(Bn).

Thus, the result is optimal.

Appendix A.

Let 1 ≤ q ≤ 2 and denote by 2 ≤ q′ its corresponding conjugate exponent. In the following,
let n

2 < p < n. Then we have W 1,(p,1) ↪→ L(s,1) ⊂ L
( np

n−p
,q′) for any s ≤ np

n−p and hence
n < np

n−p is satisfied by the restriction on the parameter p. Further, since p < n we have

(A.1)
1
p

= 1
n

+ 1
np

n−p

, and 1 = 1
q

+ 1
q′ ,

which for any f ∈ L(n,q) and g ∈ W 1,(p,1) leads to

(A.2) ∥f · g∥L(p,1) ≲ ∥f∥L(n,q)∥g∥
L

( np
n−p ,q′) ≲ ∥f∥L(n,q)∥g∥W 1,(p,1) .
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Lemma A.1. Assume there exists ε > 0 and a constant C > 0 such that for any
Ω ∈ W 1,(p,1)(Bn, so(m) ⊗ ∧1) satisfying

(A.3) ∥Ω∥L(n,q) < ε(n,m),

there exists P ∈ W 2,(p,1)(Bn, SO(m)) and ξ ∈ W 2,(p,1)(Bn, so(m) ⊗
⋀︁n−2) such that

(A.4)

⎧⎪⎪⎪⎨⎪⎪⎪⎩
∗dξ = P−1dP + P−1ΩP in Bn,

d∗ξ = 0 in Bn,

ξ = 0 on ∂Bn,

and satisfy

(A.5) ∥dP∥W 1,(p,1) + ∥dξ∥W 1,(p,1) ≤ C∥Ω∥W 1,(p,1)

and

(A.6) ∥dP∥L(n,q) + ∥dξ∥L(n,q) ≤ C∥Ω∥L(n,q) ≤ Cε(n,m).

Proof of Lemma A.1. We follow the continuity method by Uhlenbeck [24] with the tech-
niques established by Rivière [18].
Introduce for any constants ε > 0 and C ≥ 0 the set

(A.7) Uε,C :=

⎧⎨⎩ Ω ∈ W 1,(p,1)(Bn, so(m) ⊗ ∧1(Rn)) : ∥Ω∥L(n,q) ≤ ε, and

there exist P and ξ satisfying (A.4), (A.5), (A.6).

⎫⎬⎭
Further, define the set

(A.8) Vε :=
{︂

Ω ∈ W 1,(p,1)(Bn, so(m) ⊗ ∧1) : ∥Ω∥L(n,q) ≤ ε
}︂
.

We show that for ε > 0 small enough and C ≥ 0 large enough, Vε = Uε,C by the following
steps:

1. Step: Uε,C is non-empty (0 ∈ Uε,C).
2. Step: Vε is path-connected.
3. Step: Uε,C is closed in Vε with respect to the W 1,(p,1)-topology.
4. Step: Uε,C is open in Vε with respect to the W 1,(p,1)-topology.

1. Step: Uε,C is non-empty.
Trivially 0 ∈ Uε,C with the corresponding solution

P = Idm ∈ W 2,(p,1), ξ = 0 ∈ W 2,(p,1).

2. Step: Vε is path-connected.
We show that Vε is star-shaped and hence path-connected. Fix Ω0 ∈ Vε and let Ω ∈ Vε be
arbitrary. Define the path by

Ωt := tΩ + (1 − t)Ω0, t ∈ [0, 1].
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Then, for any t ∈ [0, 1], triangle inequality gives

∥Ωt∥L(n,q) ≤ t∥Ω∥L(n,q) + (1 − t)∥Ω0∥L(n,q) ≤ tε+ (1 − t)ε = ε,

and hence Ωt ∈ Vε.

3. Step: Uε,C is closed with respect to the W 1,(p,1)-topology.
Let (Ωk)k∈N be a sequence in Uε,C with

Ωk → Ω∞ strongly in W 1,(p,1),

where the limit satisfies Ω∞ ∈ Vε. We claim that Ω∞ ∈ Uε,C .

Since Ωk ∈ Uε,C , there exists a sequence of solutions to (A.4), denoted by Pk ∈
W 2,(p,1)(Bn, SO(m)) and ξk ∈ W 2,(p,1)(Bn, so(m) ⊗

⋀︁n−2) for each k ∈ N. Due to the
uniform bounds ∥Ωk∥L(n,q) ≤ ε and ∥Ωk∥W 1,(p,1) ≲ ∥Ω∞∥W 1,(p,1) < ∞, together with
estimates (A.5) and (A.6), yields a weakly convergent subsequence (Pkj

, ξkj
) such that

(A.9) Pkj
⇀ P∞ and ξkj

⇀ ξ∞ weakly in W 2,(p,1).

By lower semicontinuity of the Sobolev-Lorentz norms, the weak limits satisfy

(A.10) ∥dP∞∥W 1,(p,1) + ∥dξ∞∥W 1,(p,1) ≤ lim inf
j→∞

C∥Ωkj
∥W 1,(p,1) = C∥Ω∞∥W 1,(p,1) ,

and

(A.11) ∥dP∞∥L(n,q) + ∥dξ∞∥L(n,q) ≤ lim inf
j→∞

C∥Ωkj
∥L(n,q) = C∥Ω∞∥L(n,q) .

It remains to show that (P∞, ξ∞) solves (A.4) with respect to Ω∞ and that P∞ ∈ SO(m)
almost everywhere.
First, by Rellich-Kondrachov compact embedding, W 2,(p,1)(Bn) ↪→ W 1,(s,1)(Bn) for
any 1 ≤ s < np

n−p , there exists a strongly convergent subsequence in L(s,1), which
implies pointwise convergence almost everywhere of Pkj

→ P∞ and d∗ξkj
→ d∗ξ∞.

Passing to the limit in Pkj
P⊤

kj
= Idm and d∗ξkj

= 0 pointwise a.e. confirms that
P∞ ∈ W 2,(p,1)(Bn, SO(m)) and d∗ξ∞ = 0 on Bn almost everywhere.

Second, we show that the limit is a solution in the sense of distributions, i.e.,

(A.12) ∗dξ∞ = P−1
∞ dP∞ + P−1

∞ Ω∞P∞ in D′(Bn).

The compact embedding W 2,(p,1)(Bn) ↪→ W 1,s(Bn) ensures strong convergence:

Pkj
→ P∞ in L(s,1)(Bn) and dPkj

→ dP∞ strongly in L(s,1)(Bn) ∀1 ≤ s <
np

n− p
.

Left-Hand Side (LHS) of (A.12): For any test function Φ ∈ C∞
c (Bn, so(m) ⊗ ∧1(Rn)),

weak convergence ξkj
⇀ ξ∞ in W 2,(p,1) implies dξkj

⇀ dξ∞ weakly in W 1,(p,1) and thus in
L(n,q):

(A.13)
⃓⃓⃓⃓ˆ

Bn

(∗dξkj
− ∗dξ∞) · Φ

⃓⃓⃓⃓
−→ 0.
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Right-Hand Side (RHS) of (A.12): Testing against Φ ∈ C∞
c (Bn, so(m) ⊗ ∧1(Rn)), we

bound each term:

(A.14)

⃓⃓⃓⃓
⃓
ˆ

Bn

(P−1
∞ dP∞ − P−1

kj
dPkj

)Φ

⃓⃓⃓⃓
⃓

≤

⃓⃓⃓⃓
⃓
ˆ

Bn

P−1
∞ (dP∞ − dPkj )Φ

⃓⃓⃓⃓
⃓+

⃓⃓⃓⃓
⃓
ˆ

Bn

(P−1
kj

− P−1
∞ )dPkj Φ

⃓⃓⃓⃓
⃓

≲

⃓⃓⃓⃓
⃓
ˆ

Bn

(dP∞ − dPkj )(P−⊤
∞ Φ)

⃓⃓⃓⃓
⃓+ ∥dPkj ∥L(n,q)∥P−1

kj
− P−1

∞ ∥
L

( n
n−1 ,q′)∥Φ∥L∞

−→ 0,

and similarly

(A.15)

⃓⃓⃓⃓
⃓
ˆ

Bn

(P−1
∞ Ω∞P∞ − P−1

kj
ΩkjPkj )Φ

⃓⃓⃓⃓
⃓

≤

⃓⃓⃓⃓
⃓
ˆ

Bn

P−1
∞ Ω∞(P∞ − Pkj )Φ

⃓⃓⃓⃓
⃓+

⃓⃓⃓⃓
⃓
ˆ

Bn

(P−1
kj

Ωkj − P−1
∞ Ω∞)Pkj Φ

⃓⃓⃓⃓
⃓

≲ ∥P−1
∞ ∥L∞∥Ω∞∥L(n,q)∥P∞ − Pkj ∥

L
( n

n−1 ,q′)∥Φ∥L∞

+ ∥Pkj
∥L∞

(︂
∥P−1

kj
∥L∞∥(Ωkj

− Ω∞)Φ∥L1 + ∥P−1
kj

− P−1
∞ ∥

L
( n

n−1 ,q′)∥Ω∞∥L(n,q)∥Φ∥L∞

)︂
−→ 0.

Using the trace theorem for Sobolev–Lorentz spaces, the continuous embedding

(A.16) W 2,(p,1)(Bn) ↪→ W
2− 1

p
,p(∂Bn) ↪→ L1(∂Bn)

ensures that ξk

⃓⃓
∂Bn = 0 passes to the weak limit, so ξ∞

⃓⃓
∂Bn = 0.

Hence, Ω∞ fulfils each condition for belonging to Uε,C .

4. Step: Uε,C is open in Vε with respect to the W 1,(p,1)-topology.
In this step, we need to restrict our choice of ε > 0, choosing it sufficiently small, and set
C ≥ 0 to be sufficiently large.
Let Ω0 ∈ Uε,C . We claim that there exists δ > 0 such that for any ω ∈ W 1,(p,1)(Bn, so(m) ⊗
∧1)

(A.17) with ∥ω∥W 1,(p,1) < δ, we have Ω0 + ω ∈ Uε,C .

Since Ω0 ∈ Uε,C , there exists a corresponding pair of solutions (P0, ξ0) satisfying (A.4).
Define the non-linear operator

(A.18)
N : W 1,(p,1)(Bn, so(m) ⊗ ∧1) ×X → L(p,1)(Bn, so(m)) ×W 1− 1

p ,(p,1)(∂Bn, so(m)),

(λ,U) ↦→

(︄
d∗
(︂
e−UdeU + e−U (∗dξ0 + λ)eU

)︂
, ∂rU

⃓⃓⃓
∂Bn

)︄
,

where

(A.19)
X :=

{︃
U ∈ W 2,(p,1)(Bn, so(m))

⃓⃓⃓⃓ ˆ
Bn

U dx = 0
}︃

Y := L(p,1)(Bn, so(m)) ×W 1− 1
p ,(p,1)(∂Bn, so(m)).
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Since P ∈ W 2,(p,1)(Bn, SO(m)), the map λ ↦→ P−1λP and its inverse ζ ↦→ PζP−1 are
continuous from W 1,(p,1) to W 1,(p,1). Indeed, because P (x) ∈ SO(m) pointwise, we have

(A.20) ∥PλP−1∥L(p,1) ≲ ∥λ∥Lp ,

and applying the product rule yields:
(A.21)

∥∇(PλP−1)∥L(p,1) ≲ ∥∇PλP−1∥L(p,1) + ∥P∇λP−1∥L(p,1) + ∥Pλ∇P−1∥L(p,1)

≲ ∥∇P∥L(n,q)∥λ∥
L

( np
n−p ,q′) + ∥∇λ∥L(p,1) + ∥∇P∥L(n,q)∥λ∥

L
( np

n−p ,q′)

≲ ∥∇P∥L(n,q)∥λ∥W 1,(p,1) + ∥∇λ∥L(p,1) ,

where we used W 1,(p,1)(Bn) ↪→ L
( np

n−p
,q′)(Bn).

Thus, the non-linear map N is C1-smooth. We follow the strategy of Lemma 2.7 and
Lemma 2.8 in [24].
To derive the linearized operator L1 := ∂U N (0, 0) : X → Y , we compute the directional
derivative of N (0, tV ) at t = 0 for V ∈ X. Expanding the matrix exponentials yields

(A.22)

etV = Idm + tV + O(t2),

e−tV = Idm − tV + O(t2),

d(etV ) = t dV + O(t2).

Substituting these expansions into the first component of N gives
(A.23)
e−tV d(etV ) + e−tV ∗ dξ0e

tV = (Idm − tV )(t dV ) + (Idm − tV ) ∗ dξ0(Idm + tV ) + O(t2)

= ∗dξ0 + t
(︂
dV + ∗dξ0V − V ∗ dξ0

)︂
+ O(t2).

Differentiating with respect to t at t = 0 yields

(A.24) d

dt

⃓⃓⃓⃓
t=0

(︂
e−tV d(etV ) + e−tV ∗ dξ0e

tV
)︂

= dV + [∗dξ0, V ].

Applying d∗ (noting that d∗dV = ∆V ), the linearized operator L1 := ∂U N (0, 0) : X → Y

is explicitly given by

(A.25) L1V =
(︂
∆V + d∗(∗dξ0V − V ∗ dξ0), ∂rV

⃓⃓⃓
∂Bn

)︂
.

Standard elliptic theory for the Laplacian L0V := (∆V, ∂rV
⃓⃓
∂Bn) in Sobolev–Lorentz spaces

yields

(A.26) ∥V ∥W 2,(p,1)(Bn) ≤ c0 ∥L0V ∥Y = c0
(︂
∥∆V ∥L(p,1)(Bn) + ∥∂rV ∥

W
1− 1

p ,(p,1)(∂Bn)

)︂
.

Combining L0 and L1 via the triangle inequality gives

(A.27) ∥V ∥W 2,(p,1)(Bn) ≤ c0∥L1V ∥Y + c0∥dξ0 ∧ dV − dV ∧ dξ0∥L(p,1)(Bn).
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It remains to estimate the perturbation term. Using W 1,(p,1)(Bn) ↪→ L
( np

n−p
,q′)(Bn) (see

(A.2)), yields

(A.28) ∥dξ0 ∧ dV ∥L(p,1) ≤ ∥dξ0∥L(n,q)∥∇V ∥
L

( np
n−p ,q′) ≤ C2∥dξ0∥L(n,q)∥V ∥W 2,(p,1) .

Inserting (A.28) in (A.26) and using the anti-symmetry of the wedge-product, we obtain:

(A.29) ∥V ∥W 2,(p,1)(Bn) ≤ c0∥L1V ∥Y + c0C3∥dξ0∥L(n,q)(Bn)∥V ∥W 2,(p,1)(Bn).

Since ξ0 is a solution of Ω0 ∈ Uε,C , we have ∥dξ0∥L(n,q)(Bn) ≤ ε and choosing ε < 1
2c0C3

small enough, we absorb the perturbation term into the left-hand side and get:

(A.30) ∥V ∥W 2,(p,1)(Bn) ≤ 2c0∥L1V ∥Y .

If L1V = 0, estimate (A.30) immediately implies ∥V ∥W 2,(p,1) = 0, so V = 0. Thus,
ker(L1) = {0}.
It remains to show that L1 is surjective and hence an isomorphism. Recall that L0 : X →
Y is a classical elliptic operator defining an isomorphism on X due to the mean-zero
assumption. The family (Lt)t∈[0,1], where

(A.31) t ↦→ Lt := L0 + tK, and K(V ) =
(︁

∗ (dξ0 ∧ dV ) − ∗(dV ∧ dξ0), 0
)︁

defines a continuous path of bounded operators. For ε small enough, Lt remains Fredholm
for all t ∈ [0, 1]. By the invariance of the Fredholm index under continuous perturbations,
we obtain

(A.32) ind(L1) = ind(L0) = 0.

By the definition of the index and since ker(L1) = {0}, it follows that L1 is surjective.

Applying the Implicit Function Theorem gives a δ > 0 and an open neighborhood O of 0
in X such that for every λ ∈ W 1,(p,1)(Bn, so(m) ⊗ ∧1) satisfying ∥λ∥W 1,(p,1)(Bn) < δ, there
exists a unique Uλ ∈ O with N (λ,Uλ) = 0 and

´
Bn Uλ dx = 0.

Since the map λ ↦→ Uλ is C1-continuous with U0 = 0, we have ∥Uλ∥W 2,(p,1) → 0 as
∥λ∥W 1,(p,1) → 0. Because W 2,(p,1)(Bn) is a Banach algebra under matrix multiplication,
setting Qλ := eUλ yields

∥d(Qλ − Idm)∥W 1,(p,1) ≤ C∥dUλ∥W 1,(p,1) < α,(A.33)

for any given α > 0, assuming that δ is chosen sufficiently small.

Since (P0, ξ0) solves (A.4) for Ω0, we define Pλ := P0Qλ and obtain:

(A.34)

∗dξλ = Q−1
λ dQλ +Q−1

λ

(︁
P−1

0 dP0 + P−1
0 Ω0P0 + λ

)︁
Qλ

= (P0Qλ)−1d(P0Qλ) + (P0Qλ)−1(Ω0 + P0λP
−1
0 )(P0Qλ)

= P−1
λ dPλ + P−1

λ (Ω0 + ω)Pλ,
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where ω := P0λP
−1
0 . Thus, (Pλ, ξλ) solves (A.4) for Ω := Ω0 + ω, with

(A.35) ∥ω∥W 1,(p,1) ≤ C∥λ∥W 1,(p,1) < δ.

Moreover, standard elliptic estimates applied to

∗d(ξλ − ξ0) = Q−1
λ dQλ +Q−1

λ

[︁
∗ dξ0, Qλ − Idm

]︁
+Q−1

λ λQλ

along with d∗(ξλ − ξ0) = 0 and ξλ − ξ0 = 0 on ∂Bn using (A.33) and (A.35) yields that:

∥d(ξλ − ξ0)∥W 1,(p,1) ≲ ∥d(ξλ − ξ0)∥W 1,(p,1) ≲ α+ δ =: β.(A.36)

Note, that (A.33) immediately implies

(A.37) ∥d(Pλ − P0)∥W 1,(p,1) ≤ C∥d(Qλ − Idm)∥W 1,(p,1) < α.

Choosing ε, α, β > 0 sufficiently small such that Cε+ α+ β ≤ δ, the triangle inequality
yields

(A.38)

∥dPλ∥L(n,q) + ∥dξλ∥L(n,q) ≤ ∥dP0∥L(n,q) + ∥dξ0∥L(n,q)

+ ∥d(Pλ − P0)∥L(n,q) + ∥d(ξλ − ξ0)∥L(n,q)

≤ Cε+ α+ β ≤ δ.

Therefore, (Pλ, ξλ) satisfies the assumption of Lemma A.2, which implies the a-priori
bounds (A.5) and (A.6) for (Pλ, ξλ).
This proves Ω0 + ω ∈ Uε,C , and hence that Uε,C is open in Vε.
Conclusion. Step 1 – Step 4 implies Uε,C = Vε and this finishes the proof of Lemma A.1.

□

It remains to prove the following auxiliary Lemma.

Lemma A.2. There exist C(n) > 0, ε > 0 and δ > 0 such that for every P ∈
W 2,(p,1)(Bn, SO(m)) and ξ ∈ W 2,(p,1)(Bn, so(m) ⊗ ∧n−2) satisfying (A.4) for some Ω ∈
W 1,(p,1)(Bn, so(m) ⊗ ∧1) with ∥Ω∥L(n,q) < ε, if

∥dP∥L(n,q) + ∥dξ∥L(n,q) ≤ δ,

then (A.5) and (A.6) are satisfied.

Proof. We decompose ξ = v + w, where v, w ∈ W 2,(p,1)(Bn,∧n−2) satisfy:

(A.39)

⎧⎨⎩∆v = ∗(dP−1 ∧ dP ) in Bn,

v = 0 on ∂Bn,

⎧⎨⎩∆w = ∗d(P−1ΩP ) in Bn,

w = 0 on ∂Bn.

Estimates containing v:
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L(n,q) Bound for dv: In order to exploit the div-curl structure, we use that dv ∈ W 1,(p,1) ↪→
L(n,1) ↪→ L(n,q) (for 1 ≤ q ≤ 2) and hence

(A.40)

∥dv∥L(n,q)(Bn) ≲ ∥dv∥L(n,1)(Bn) ≲ ∥∆v∥
L( n

2 ,1)(Bn) ≲ ∥dP−1∥L(n,q)∥dP∥L(n,q′)

L(n,q)⊂L(n,q′)

≤ Cδ∥dP∥L(n,q)(Bn).

W 1,(p,1) Bound for dv: Using Calderón-Zygmund estimates together with the Lorentz-
Hölder inequality and the Sobolev embedding W 1,(p,1)(Bn) ↪→ L

( np
n−p

,1)(Bn) ↪→
L

( np
n−p

,q′)(Bn), we get

(A.41) ∥dv∥W 1,(p,1) ≲ ∥∆v∥L(p,1) ≲ ∥dP∥L(n,q)∥dP∥
L

( np
n−p ,q′) ≲ δ∥dP∥W 1,(p,1) .

Estimates containing w:
L(n,q) Bound for dw: Again by standard elliptic estimates and |P | ≤ 1 we have

(A.42) ∥dw∥L(n,q) ≤ C∥P−1ΩP∥L(n,q) ≤ C∥Ω∥L(n,q) .

W 1,(p,1) Bound for dw: Applying the product rule yields

(A.43) d(P−1ΩP ) = dP−1ΩP + P−1(dΩ)P + P−1ΩdP.

Using dΩ ∈ L(p,1) together with W 1,(p,1) ↪→ L
( np

n−p
,q′):

(A.44)
∥d(P−1ΩP )∥L(p,1) ≤ C

(︂
∥dΩ∥L(p,1) + ∥dP∥L(n,q)∥Ω∥

L
( np

n−p ,q′)

)︂
≤ C∥Ω∥W 1,(p,1)

(︂
1 + ∥dP∥L(n,q)

)︂
.

Again, by standard elliptic estimates we obtain:

(A.45) ∥dw∥W 1,(p,1) ≤ C∥∆w∥L(p,1) ≤ C∥Ω∥W 1,(p,1)

(︂
1 + ∥P∥W 1,(p,1)

)︂
.

Conclusion for ξ:
Note that by (A.4), we have the expression

∗dξ = dP⊤P + P⊤ΩP ⇔ dP⊤ = ∗dξP⊤ − P⊤Ω.(A.46)

This leads to

(A.47)
∥dP∥L(n,q) ≲ ∥dξ∥L(n,q) + ∥Ω∥L(n,q) .

∥dP∥W 1,(p,1) ≲ ∥dξ∥W 1,(p,1) + ∥Ω∥W 1,(p,1) .

So once we established the bounds (A.5) and (A.6) for dξ, we can conclude the proof by
using (A.49).
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By combining (A.40) and (A.42), we have

(A.48)

∥dξ∥L(n,q) ≤ ∥dv∥L(n,q) + ∥dw∥L(n,q) ≲ δ∥dP∥L(n,q) + ∥Ω∥L(n,q)

(A.47)
≤ C1δ∥dξ∥L(n,q) + C2(1 + δ)∥Ω∥L(n,q) .

Choosing δ sufficiently small such that C1δ <
1
2 , absorbing the term containing dξ to the

LHS, we get (A.6).
In order to show (A.5), combining (A.41) and (A.45) yields

(A.49)

∥dξ∥W 1,(p,1) ≤ ∥dv∥W 1,(p,1) + ∥dw∥W 1,(p,1) ≲ δ∥dP∥W 1,(p,1) + ∥Ω∥W 1,(p,1)

(A.47)
≤ C3δ∥dξ∥W 1,(p,1) + C4∥Ω∥W 1,(p,1) .

Again, choose δ small enough, such that also C3δ <
1
2 holds, we can conclude (A.5).

□

Lemma A.3. Let 1 ≤ p < +∞, and let Bn ⊂ Rn. Then, for any function f ∈ Lp(Bn)
which is a solution of

−∆f = 0 on Bn,

the function
r ↦→ 1

rn

ˆ

Br

|f |p dxn,

is increasing.

Proof. We follow the proof in [9, Lemma 3.3.12 ].
Setting v = |f |p, we first compute the Laplacian of v. Since f is harmonic (∆f = 0), a
direct calculation gives

div(∇v) = div
(︁
p|f |p−2f∇f

)︁
= p(p− 1)|f |p−2⏞ ⏟⏟ ⏞

≥0

· |∇f |2⏞ ⏟⏟ ⏞
≥0

+p|f |p−2f ∆f⏞⏟⏟⏞
=0

≥ 0.(A.50)

Therefore, ∆v ≥ 0, so v = |f |p is subharmonic.
Integrating this inequality over the ball Br ⊂ Rn and applying Stokes’ theorem, we obtain

0 ≤
ˆ

Br

∆v dx =
ˆ

∂Br

∂v

∂r
(z) dµ(z) = rn−1 d

dr

ˆ

∂Bn

v(rθ) dµ(θ),(A.51)

where we parametrized the boundary by z = rθ for θ ∈ ∂Bn and used the fact that the
surface measure scales as dµ(z) = rn−1dµ(θ).
Equation (A.51) implies that

r ↦→
ˆ

∂Bn

|f(rθ)|p dµ(θ)(A.52)
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is non-decreasing. It follows that
ˆ

Br

|f(z)|p dz =
rˆ

0

ρn−1 dρ

ˆ

∂Bn

|f(ρθ)|p dµ(θ)
(A.52)

≤
rˆ

0

ρn−1 dρ

ˆ

∂Bn

|f(rθ)|p dµ(θ)(A.53)

= rn

n

ˆ

∂Bn

|f(rθ)|p dµ(θ) = rn

n

1
rn−1

ˆ

∂Br

|f(x)|p dµ(x)(A.54)

= r

n

d

dr

ˆ

Br

|f(x)|p dx.(A.55)

Defining F (r) :=
ˆ

Br

|f(x)|p dx, equation (A.55) can be rewritten as

F (r) ≤ r

n
F ′(r) ⇔ 0 ≤ F ′(r)

rn
− nF (r)

rn+1 = d

dr

(︂F (r)
rn

)︂
.(A.56)

Integrating this differential inequality, we conclude that

r ↦→ 1
rn

ˆ

Br

|f(x)|p dx

is non-decreasing. □
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