REGULARITY AND RIVIERE’S GL(m)-GAUGE CONSTRUCTION FOR
ELLIPTIC SYSTEMS WITH ANTISYMMETRIC POTENTIALS IN
ARBITRARY DIMENSIONS.

CAROLIN BAYER

ABSTRACT. Let 1 < g < 2 and denote by 2 < ¢’ its corresponding conjugate exponent.
We prove the continuity of solutions u € Wl’(#’q/)(B",Rm) to the critical elliptic
system —Awu = Q- Vu in dimension n > 3, where the potential Q € L™ (B™ so(m)®A')
is antisymmetric. First, we construct P € W(™%(B" SO(m)) such that the PDE can
be rewritten as — div(Pildu) = xd¢ - P~ 'du, which is nearly a Jacobian structure up to
the rotation P. Second, we provide a Riviére’s GL(m)-Gauge in order to establish a "full"
(A, B)-conservation law, i.e. —div(Adu) = d*B - du. We show that the assumption on
Qe LMD (B", s0(m) ® A') for ¢ < 2 is optimal.
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1. INTRODUCTION

Motivation of the problem. The regularity question — whether weak solutions of the
harmonic map equation are smooth in the conformally invariant case for n = 2— was
settled by Hélein [8], who used moving frames to handle the nonlinearity of the right-hand
side. For maps into symmetric targets, this structure reduces to a Jacobian expression,
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and continuity follows from the Wente inequality [25]. More precisely, let B> C R? and let
a,b € WH2(B?). Consider the system

(1.1)

Ap =Va-V+tb on B?
p=0 on 0B2.

Wente discovered improved regularity properties for the solution ¢ of (1.1) given by

(1.2) el oo B2y + IVellL2s2) < ClIVallp2(s2) [Vl 2 (B2)-

A generalization of these better integrability estimates goes back to the compensated
compactness theory of Coifman, Lions, Meyer, and Semmes [5] for functions that lie in
Hardy space H! rather than merely L'. They further showed that solutions of (1.1)) satisfy

(1.3) IVellr2as2) + V2@l n1s2) < ClIVallr2(s2) V0]l 12(52)-
Bethuel showed a similar version [4], namely
(1.4) IVeollL2(s2y < ClIVallp2.00(2) [V L2(B2)-

The full geometric reach of this cancellation structure was discovered by Riviere [18] for
n = 2, who proved that any conformally invariant elliptic system of the form —Awu = Q- Vu
with antisymmetric potential € L? can be rewritten as a so called "(A, B)-conservation

law" / "Riviere’s GL(m)-Gauge", yielding continuity without any assumption on the target.

The question naturally arises as to whether this structure provides improved regularity
estimates, even in higher dimensions. Let n > 3. Riviere raised the question whether it

remains true or not, that any solution « € W1 (B" R™) of
(1.5) — div(|Vu[""?Vu) = |Vu|" Q- Vu,

where Q € L"(B" so(m) ® A!) is also continuous. Recently, Martino and Schikorra
and independently Schlagenhauf provided a negative answer to this question by giving a
counterexample [13], [22]. It turns out that the natural extension of these results leads to
the so-called Lorentz spaces, which were introduced in Section [2] and play the same crucial
role in our result as they do in, for example, [12, 3].

Formulation of the problem. Let now n > 3 and m € N. Fix 1 < ¢ < 2 and
¢ = ﬁ > 2 its conjugate exponent. Let u € Wl’(%’q,)(B”, R™) be a solution of the
system

(1.6) —Au=Q-Vu inD'(B"),

where Q € L9 (B" s0(m) ® A') is anti-symmetric. The right hand side of becomes
critical due to L{n=19). L) <y [1 and it corresponds to the endpoint case of the classical
Calderén-Zygmund theory. In this setting, we establish better regularity, that is, the
continuity of solutions of .
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The assumption Q € L% arises naturally in the proof (see ), as it is required
to simultaneously obtain a bound on both — the potential d¢ and the gauge dP. It is
noteworthy that in the endpoint case ¢ = 2, the assumption is the same as the one
of Martino and Schikorra in their construction of a gauge for antisymmetric potentials
for rotated n-harmonic systems [12]. At time of creation, the author was not aware of
the publication of Guo, Xiang [7], which shows that the technique of the Riviere-Gauge

construction also works in the case of Q € L2 and coincides with our endpoint case.

We present two approaches to establishing the continuity of u € whGEEd) | I a first
version given in Section [, we employ duality estimates below the Lorentz exponent, in
particular L(ﬁ’oo), which is only slightly larger than L7 and has already played a
crucial role in the work of Bethuel [4] (see (1.4)) and [21]. This approach also illustrates
that one can circumvent the need to establish the more challenging full (A, B)-conservation
laws.

This first approach is inspired by Riviere and Struwe [20| for systems of the type ,
but under their assumption that u € W1H2(B" R™) and Q € L?(B",s0(m) ® A!). In their
setting, the system becomes supercritical in dimensions n > 3 and they have to
assume additional Morrey assumptions in order to establish an "almost Jacobian" structure.

We now give the main theorem of the first approach.

Theorem 1.1. Let m € N. Let ¢ < 2 and denote by ¢ = qiil > 2 its comjugate

exponent. For every m > 3, there exists eo(n) > 0 such that for every weak solution
u € Wl’(%’q,)(B”,Rm) of the equation (1.6) and for every Q € L9 (B™ so(m) ® A')

satisfying the smallness assumption
(A) 12| Lna (gny < €0(n),

then there exist o € (0,1) such that u € C&S(B”, R™).

In a second version given in Section o we show that it is indeed possible to construct a
"full" (A, B)-conservation law/ Riviere’s GL(m)-Gauge to obtain the same result. More
precisely, instead of transforming the system by P~!, as was done in the first approach,
the PDE is now transformed by A € L N W9 (B" GL(m)) and we obtain

—div(Adu) = —dA - du + AQ - du = (—dA + AQ) -du.
Further, we show the existence of B € W1 (9 (B" R™*™ @ A?) in order to write (i) as a

purely co-exact expression, so that the right-hand side becomes a "full" Jacobian:

(1.7)

(1.8) —div(Adu) = d*B du
—~— ~—~—
EL(n’q) eL(%vq/)
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The following theorem is the main result of this second approach and leads to optimal
regularity.

Theorem 1.2. Let n >3 and m € N. Let ¢ <2 and denote by ¢’ = q% > 2 its conjugate
exponent. There exists eo(n) > 0 such that for every weak solution u € Wl’(%’q/>(B", R™)
of the equation (L.6) and for every Q € L9 (B™ so(m) @ A') satisfying the smallness
assumption

(A) 12 Loy By < €0(n),

we then have u € I/Vli’cp(B”, R™) for any p < n and hence Cloo’ca(Bn, R™) for any o € (0,1).
Moreover, there exists a (A, B)-Gauge with A € L*° N Wh9)(B* R™™) and B €
WL (Bn R™*™ @ A\2) satisfying

(1.9) —d*B = dA — AQ.
such that the weak solution u € Wl’(ﬁ’q/)(B", R™) of (1.6)) satisfies the following conser-

vation law
(1.10) d(xAdu + (—1)""Y(*B) A du) = 0.
Remark 1.3. We point out that Theorem [I.3 immediately implies Theorem [1.1]

Novelty of this project. The novelty of this project lies in developing a more refined
understanding of critical systems with antisymmetric potentials in higher dimensions. The
paper relies heavily on the following type of estimate:

(111) Nl + 1@l Lo gy + 19201 g0 oy S Ndall oo m) 18] pona gy
where ¢ € WD (B” R™) is a solution of
Ay = x(da N db) on B",
(1.12) 4 ( )
p=20 on 0B",
and a € WH9(B" R™) and b € WhH(4)(B" A"~2). Estimate (T.11]) can be interpreted
as a "high-dimensional Wente" and should be compared with (|1.3]).

In Section |§| we show that the assumption on the integrability of Q € L9 (B™ so(m)®Al)
for ¢ < 2 is indeed optimal. More precisely, one cannot assume a milder assumption on
Q € L™4(B" s0(m) ® A!) for some ¢ > 2 in order to conclude continuity on wu.

2. PRELIMINARY

We provide a brief introduction to Lorentz spaces, which arise naturally as refinements of
standard Lebesgue spaces. For further reading, we refer to [6, p.48].
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Let 2 C R™ be an open set. For any measurable function f : 2 — R, we define its decreasing

rearrangement f* : [0,00) — [0,00) as

(2.1) @) =inf{A>0: {x e Q:|f(z)] > A}| <t} fort>0,
and its average as
1 S
(2.2) [ (s) == / fr(t)dt, for s> 0.
$Jo
Given exponents p € [1,00) and g € [1, 00|, the Lorentz quasi-norm is defined as
1
o q dt q
(/ tﬁf*(t)Q> if ¢ < oo,
(2.3) [f]L(p,q)(Q) = 0 ) t
suptr f*(t) if ¢ = oc.

t>0
For p € (1,00) and ¢ € [1,00], replacing f* with f** in the definition (2.3]) yields an
equivalent norm to (2.3), denoted by || f|| . (q) (see [2, Thm. 4.6, Chap. 4]).

Definition 2.1. Let k € N and 2 C R™ be an open set. For 1 <p < oo, 1 <q < o0, we

define the Soboloev-Lorentz space as
(2.4) WhEa(Q) .= { feL®PD(Q):9%f e LPY(Q) for each 0 < |a| < k:} .

It holds LP(Q) = L®P)(Q). If || < oo and 1 < g < p < r < 0o, we have [2, Prop.4.2,
Chap. 4]

(2.5) L0 (@) ' e @) "' e (o) 'S Lo ) E L) Q).
~—— ——— —_———
=L () =L?(Q) =L(Q)

Several classical functional inequalities can be generalised to Lorentz spaces.

Theorem 2.2 (Holder’s Inequality for Lorentz Spaces.). Assume f € LP19)(Q) and
g € LP22)(Q) for 1 < p1,pa,p < 00 and let 1 < q1, ¢, q < 00, that satisfy
1 1 1 1 1 1
(2.6) —+ —=-, and —+—2>-.
pr p2 P @ 92 g
Then fg € LWP9(Q) and satisfies

(2.7) HfQHL(pm < C(p17p27Q17Q2)HfHL<Pl’q1)HgHL(PQ:QQ)'

This result extends to the case where (p1,q1) = (00, 00), reducing to the standard L bound.
Proof. See [15, Thm. 3.4] O

Theorem 2.3 (Young’s Inequality for Convolutions.). Assume f € L®P-9)(R™) and
g e L(p2"12)(R”) for 1 <pi,pa,p < oo and let 1 < q1,q2,q < 00, that satisfy
1 1 1 1 1 1

(2.8) —+—=1+-, and —+=> -
P11 D2 p q1 q2 q
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Then f * g € L9 (R™) and satisfies

(2.9) 1f* 9llpwa < ClfllLeran (P1:P2: 015 @) 19| o202 -

Proof. See [15, Thm. 2.6]. O

Corollary 2.4 (Improved Sobolev Embeddings). Letn > 2, 1 <p<n, and 1 < g <
00. Define the Sobolev conjugate exponent p* = nn—_’;). Then the Sobolev-Lorentz space
W9 (R™) embeds continuously into the Lorentz space LW 9 (R™):

(2.10) whPd(R?) — [PHIRT).

In particular, for standard Sobolev spaces where ¢ = p, we have WP(R") < LP"P(R"),
and for the endpoint p =1,

(2.11) WUL(R™) — LT (R™).
Proof. See [16, p. 294, Thm. 4.1], [15, Thm. 2.6]. The case p =1 can be find in [17] O

Proposition 2.5. Let Q C R™ be a bounded domain with Lipschitz boundary. Let 1 <p <mn

and 1 < ¢ < 00, and p* = n"—_’;? its conjugate Sobolev exponent. For every u € WhP9(Q),
we have
(2.12) lu =t ey < ClIVUllLra@),

where ug = ﬁ fQ u(x)dx and C = C(n,p,q,) > 0 is a constant independent of u.

Proposition 2.6. Let f € L. _(R") with Vf € LU™D(R™). Then f is equivalent to a

loc
continuous function and satisfies

(2.13) If = el < ClIV fll Lo,
where ¢ = ¢(f) a suitable constant.

The corresponding proofs can be found in [2, |15} |23].

3. CONSTRUCTION OF A GAUGE P € Wh(m9)(B" SO(m)).

The following Lemma provides a suitable gauge that, due to the better integrability
assumption of Q € L% compared to the gauge in [18], also inherits better integrability.
The proof strategy remains the same as in [18] and [20].

Lemma 3.1. Let 1 < q < 2. There exists eg > 0 and C > 0 such that for any ) €
L9 (B" s0(m) @ Ab) satisfying

(3'1) HQ”L(nyq)(Bn) < C&TQ,
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then there exists P € WhH(m9(B" SO(m)) and & € WH(9(B™ so(m) @ A"~2) such that
xdé = P~Y'dP + P~'QP in B",

(3.2) d+«€£=0 in B™,
£E=0 on OB™.
Moreover, the following a—priori bound holds:

(3.3) 1Pl onor (e + €]l s 5y < CUL gnr (e < Co.

We follow the approach of Uhlenbeck in |24, Lemma 2.7, Lemma 2.8]. As a first step,
we prove the Lemma for a slightly more regular space, see Lemma This makes the
map A — P~'AP smooth. Using an approximation argument, we derive Lemma as a
consequence of Lemma,

Proof of Lemma|[3.1. We will show that Lemma [3.1] follows directly from Lemma
Let Q € L9 (B", s0(m) ® A'). We assume that Q[ Lm0y (5ry < €0 for some sufficiently
small g9 > 0 and fix ¢ later.

Let § <p <mn as in Lemma and recall that then Wh®1 < L9 Due to the density
of C2°(B™) in L™9) | there exists a sequence ()gen in WD (B") such that

Qp — Q  strongly in L9,

We can construct this sequence using standard mollifiers, setting 2 := n * 2. By Young’s

convolution inequality, we have:

19l Lnay < Mkl L2 |2 e = (|9 ey < Ceo-

By choosing Ceg < €(n,m), we ensure that ||Qx| ;m.g < e(n,m) for all k, satisfying the
smallness assumption required for Lemma

Applying Lemma to each €, there exist sequences P, € W1 (B" SO(m)) and
& € W2PD(B" s0(m) @ A" 2) satisfying the gauge system , as well as the uniform
bounds and .

Because the bounds in are uniform with respect to k, we can extract weakly converging
subsequences (the index is again denoted by k) such that P, — P and & — £ weakly in
W2(@1) | Passing to the limit as k — oo, we conclude the proof of Lemma O

4. PROOF OF THEOREM [[L1] — AN "ALMOST" JACOBIAN STRUCTURE.

Proof of Theorem [I.1] Since continuity is a local property, it suffices to prove continuity on
the ball By_,(0) for an arbitrary 7y € (0,1). Since the L(™%-norm is absolute continuous,
we can find a uniform radius 79 > 0 such that for any r < rp and any z € Bi1_,,(0), we
have B,(xz) C B™ and

(41) 12 Lo (B, (2)) < Ceo-
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During the proof, it is possible to adopt g as small as is necessary. By Lemma this
yields a local gauge P € W1 (9 (B, (z),SO(m)) and & € W19 (B, (z),s0(m) @ A"?) for
which (3.2) holds on B,(z).

Applying this gauge transformation to du, we deduce:

—d* (P tdu) = —dP~! - du + P~ 'Qdu
(4.2) = (PP + P7'QP)P du

= xd¢ - P~ du,

where we used the identity d(P~'P) = 0, which yield —~dP~'P = P~!'dP. In analogy with
[20], equation (4.2)) defines an “almost” Jacobian structure.

In this approach, we apply a duality argument inspired by [19, Thm. 3.5] and |20,
p. 459]. Let 6 € (0,1) and consider an arbitrary 1-form ¢ € LD (Bs,.(z), A') with
||¢”L("v1)(B5r(:e)) < 1. Further, define the extension by zero ¢ = ¢xp;, (), S0 that
161l ) (5, () < 1

Consider the Hodge decomposition (see |11, Cor. 10.5.1] for further details)

(4.3) ¢=do+d%+h  inB(z),

where dp € dWr"(B,(2)), d*¢ € AW (B.(2), A2)[and b € C®(B,(2), Al) is a

harmonic 1-form satisfying dh = 0, d*h = 0. Moreover, it holds:

(44)  [ldell o0 (B, (@) + 1Y pnt (8w + 1Dl L0 (B @y < CIRN Lt (B (@) < C-

We note briefly that this extension is required to ensure interior estimates for the harmonic
part of 5 at a later stage. In addition, it enables us to combine all individual components
in the final step.

MORREY DECAY ESTIMATE FOR Ul (o
”V HL('”71 ’w)(Bgr(x))

Since P € SO(m), the norm is preserved, i.e., |[P~'Vu| = |Vu|. Using the duality between

L™ and L(ﬁ’m), we can write:

7ul = IP7ivu

LT (B, (o LT (Bs, (2)

4.5
(4.5) = sup / P_ldu'gbdvoln.
¢ L™V (Bs,.(x),A) J Bsr(x)
191l n,1) (5, () ST

IThis notation was introduced in [10, p. 38].
AW " (Br(2)) = {dp | o € WH (B, (2)), ¢lon,@) = 0},
d W5 (B (2), \2) = {d"¢ | ¢ € WH) (B (2), A), *¥lop, () = 0}
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Fix an arbitrary test form ¢ € LY (Bjs,(z),A') with [l Lo By, () < 1 with the
extension 5 on B,(x) as explained above. Substituting the Hodge decomposition gg =dp+
d*y + b, we obtain:

/ P~ Ydu - ¢ dvol, = / P~ du - ¢ dvol,
Bs(z) By (x)
(4.6)
= / P~ tdu - (dp + d*y + b) dvol,.
B (x)
We will estimate each of these three terms separately. In the last step, we take the

supremum over all such ¢ € L1 (Bs,(z), A') and we conclude by combining them.

Estimate containing dep.

Define up, () = u. Using Stokes’ Theorem and the fact that ¢[yp, ;) = 0, the
B, (z)
boundary term vanishes, yields:

/ do A «PLdu = / d(p *x P~ 1du) — / d(xP~du)
Br(x) Br(x) Br(x)

—/ dé A (P~ 1) du
B ()
(4.7)
— (-t /B AP (0, )~ | dender = s, )

Br(x)

_ / de A d(pP ) (u — i, ()
By (x)

This implies in particular

’ / do A «P~Ldu
By (x)

S Nd€llpon (5, (o) (1462l s + @l 1AP )

4.8 _
(48) = i ol 22y

< Ceo(1+ Ce)[Vull z2r.00 5 ()0
where we used d(d¢) = 0, WhD —y Wm0 <y Jhnd) due to

) 11 1
(4.9) g<q¢d & ->-=1-- & 1<g<2

qa q q
the embedding W1 (™1 < [ (see Prop. , estimate (3.3]) together with (4.1)), and the
Lorentz-Holder exponent relations (see Cor. :
1 1 n-2 1 1

1
(4.10) -+ -+ =1, -+ 5+ =
n o n n q ¢ o
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Estimate containing d*i.

Analogously to the above, using Stokes” Theorem together with the boundary condition
*|9B, (z) = 0, we obtain:

(4.11)

/ P ldundsy = (d(P—l(u —Up,(z))) — dP ™ (u— aBr(a:))> Ad*p
() B ()

= —/T( )d(d(P 1(u—uB x))) /\*w) /T(I)dp_l(u—ﬂBr(x))/\d*@b

:—/ dP_l(u—fLBT($))Ad*¢.
r ()

This implies in particular
(4.12)

‘ / P YduAdx*
()

S NP poor (8, @) 10 = @B, @) | G220 g, (o) 17 | s (13,20

where we used the embedding (see Theorem |2 -

(4.13) L(ma) . () <y 1 (n/2,1)

Remark 4.1. We briefly ezplain why the assumption Q € L9 s indeed necessary
and optimal. In , it would actually be enough to assume only dP € L™, because
d*yp € L") could compensate for this weaker integrability (recall that d*ip € L(”’l)).
Howewver, the stronger assumption becomes essential in . There, if we only had d€ € L™,
we would need d(pP) € L(n’"%l), which requires dP € L™55) —q condition that not be

satisfied in general.

Estimate containing b.
Since P € SO(m), we have:

(4.14) ’/ P~ tdu A %

In order to apply interior estimates for harmonic forms, we exploit the fact that we have
extended the test function ¢ to ¢, and we claim that for § € (0, %) we have:

(4.15) 161wy (5, () < CO"
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Proof of the Claim. By a duality argument, we have:

(416) HhHL("’l)(Br(a:)) = sup L ®) h -k d'l)Oln.

keL 75T (B, (2))
k n <1
¥ 21000 g, )

Consider an arbitrary but fixed £k = df + d*g + H € L(#’OO)(BT(QU)) with df €
1’(ﬁ’oo)(Br(:v)), d*g € d*W;]’(mm)(Br(m), A2), and § € C®(B,(r),A!) and satisfy

AW,

(4.17)

< Cllk], on

n—1 ’Oo)(BT(I) S C

Since ¢ is supported in Bg, () with H%HLW,D(BT(I)) < 1, orthogonality yields:

/ h-(df +d*g+9) dvoln:/ b -9 dvol,
By ()

By (x)

:/ gg-j’jdvoln:/ 5-ﬁd00ln
(4.18) Br(@) Bar(@)

<1l (85, @) 191l 2109 5, 0y

< 191l 2100 g, a9y

Since $) is harmonic, the following function is monotone increasing for any 1 < p < OOE|
1

(4.19) ﬂ»n/) 1P
™" JBy(z)

Following the strategy in |19, p. 145], we choose 0 € (0,1) independent of r such that
or < %r holds, i.e., 6 € (0, %), which yields

1\" I A"
T
(57ﬂ> /B[;T(m) gl 3r/4 Bs, 4(z) o

46\"
& 9P < <3) / 197
Bér(x) B3T‘/4('T)

Because $) is harmonic, all local LP norms are comparable by interior estimates and the
mean-value formula. By choosing 1 < p < -, we have L(%’OO)(BT(:C)) — LP(B,(z)) on

n—1"

(4.20)

2This is a direct consequence of that fact that for 1 < p < oo, we have Al$|” > 0 and hence |H|? is
subharmonic. For details see [A-3]
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B,(z). Using |||
(4.21)

”(pfl)il
1901 2r ) g, gy = O7) 719l 2r (3, )

n n ’ﬂ(Pfl)i
< Cp)dr (@) 7 9l o g o U s T2 (B, (x)

n(p=1) | n=(n=1)p

<C(n,p)dv(or) » 1 Hﬁ”ﬁﬁ*’“(&(x))

=C ont e .
(120" 19 gy )
where we used Holder inequality for the parameters (recall p < —"+)
1 n—1 1 1 1 1
(4.22) = +—— - -4
Y] poooo b

Combining (4.16)), (4.18), (4.21) and taking the supremum over k € L(%’oo)(Br(x))

completes the proof of the claim. O

Combining (4.14]) with (4.15]) then yields

< C///én—l||Vu||L(ﬁv°°)(Br($))'

(4.23) ‘/ P~ rdu A *h
()

The final bound.
Combining the estimates (4.7)), (4.11]), and (4.23), taking the supremum over all ¢ €
LV (Bs,(x), A') with [l L1y By, () < 1, and insert into (4.5), we end up with:

(4.24) V| < (20(C"+ C") 4 "1™ |[Vu|

LT By, (@) = LT (B, (@)
Fix an arbitrary exponent o € (0,n — 1). Since n — 1 — « > 0, we can choose ¢ € (0,3/4)

small enough such that

1

With ¢ € (0,3/4) now fixed, we choose £y > 0 sufficiently small such that

(4.26) eo(C'+C") < %5%

Combining (4.25)) and (4.26) yields the following decay:

(4.27) IVl <3Vl g oo

L5 (B;, (x)) (Br(x))"
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Iteration argument.
Let 0 < r < 7rg be arbitrary. Then there exists k£ € Ny such that

(4.28) Sty <r < dfrg & < L <t
To

Iterating (4.27) k times yield:

IVl < [[Vull ¢ < 8*||Vull,

(721°9)(B, () 71 (B, (x)) =1 (B, ()

70

N 1
< gat+n) L s lVull Gz 5 0y

r\% 1
- (7”0) 5o IVl g oo )(Bry ()

(T)a (20" =12 || V||

To

(4.29)

=
N
&

L(%’m)(BTO(I))‘

Taking the supremum over 0 < r < rg and x € B1_,,(0), we obtain for any o € (0,n — 1)
a constant C(n,a,r9) > 0 such that
(4.30) sup | Vull

x€B1-7,(0)
0<r<ro

L(%VOO)(Br(w)) < C(n,a,ro) < o0,

where C(n, o, 1) = (2C"") 7" 1= o “l|Vull and we used L7179 ¢ LG50,

L(ﬁﬂ]’)(B )
Conclusion: Continuity via Morrey space techniques.
For any x € B1_,,(0) and 0 < r < ro, Holder’s inequality together with (4.30) yields:

IVull (s, @) S IVUll jGareo g, o) Lo (5,2
(4.31)
<Cr%.p= ér““,

where we used that ||1|[ ;o) (p, (2)) S 7
Since (4.31)) holds for any a@ < n — 1, choosing n —2 < a@ < n — 1 and defining pu = o —
n+2 € (0,1), the decay estimate can be rewritten as:

(432) ||VU”L1 ) < C’I"n 1+M

By Morrey’s Dirichlet Growth Theorem [14, Thm. 3.5.2], (4.32) implies Holder continuity
on the domain B;_,(0), i.e., u € CO*(B;_.,(0)).
Since 1y € (0,1) was arbitrary, we conclude that u € Cloo’g (B™), completing the proof of
Theorem [I.1]

]
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5. PROOF OF THEOREM [I.2] — A "FULL" CONSERVATION LAW.
The entire section follows the strategy of Riviere in |18, Thm. I.1, 1.3, 1.4].

Theorem 5.1. There exists ¢g > 0 and Co > 0 such that for any Q € L9 (B" so(m)@A)
satisfying

(5.1) 12/l Len.a) < Ceo,
then there exists A € LXNWL(9(B" GL(m)) and B € W9 (B™ R™*"™QA?) satisfying

[| dist (A, SO(m))|| oo (Br) < CollQ| ) (pnys

(5.2) |d*Bl| Lona) < CollQ| na

—d*B = dA — AQ.

Proof. Since (5.1]) is satisfied, we apply again Lemma and we follow the existence of
P e Whma(B" SO(m)), &€ € WH9(B™ so(m)) ® A"2) which satisfies the system (3.2)
as well as the a-priori bound:

(5.3) 1|l Lnar (gry + AP Loy gy < ClIU Loy (my-
We make the ansatz:
(5.4) A= (Id,, +0)P! = dA=doP '+ (I +0)dP!,

for some o € L>® N WhHD(B® R™*™) with ||o||p~ < 1. A direct consequence of the
assumption is that A is invertible due to Neumann series. This assumption will be justified
later, once the a-priori bounds have been established.

We follow the strategy of Riviere in [18, Thm. I.4]. (Note that he constructs (Id,, + o) by
finding A and o takes the role of A there.)

We seek for A and B satisfying (5.2]). Using ansatz ([5.4) then yields

—d*B=dA—-AQ, & —d*B= doP™'+ (Id,, +0)dP™t - (Id,, +0)P1Q

&  —d*BP =do — (Id,, + o) (~dP~'P 4+ P~'QP)
=xd&

(5.5)

< —d*BP =do — (Id,, + o) = d¢.
Applying the d*(-)-operator leads to
(5.6) ~Ao + (=)« (do Ad€) = d*B - dP.
Note that is multiplying again by P~! equivalent to

(5.7) (I40)*déP~t=d*B +doP™?,
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and hence by applying the d(-) operator (and recalling that d(doP~!) = —do A dP~! =
—d(odP~1)) this leads to the following system

(5.8) d(xdéP™Y) + d(o x déP™Y) = AB — d(ocdP™1).

Combining (5.6) and (5.8), we then look for o € Wl’(”’q)(B”,Rmxm) and B €
Whna)(Bn Rm*m A2) which solves

—Ao = (=1)"« (do Nd§) + d*B - dP in B",
AB = d(xd¢P7Y) + d(o * dEP7Y) + d(edP~Y)  in B,

(5:9) 0,0 =0, B=0 on OB",
/ o =1d,,.

For the sake of simplicity, we omit the domain B™. Standard elliptic estimates Wiz oy
LY (see again Theorem , and Holder’s inequality gives:
ldoll Lo S Al 3.0 S ol g 1€ Lo + 1A Bl ponan [|[AP ] Lo
(5.10)
5-3)
< NI oo ldoll ey + C QU Lo 4Bl in.ay

together with Wh(mD — 1 and L9 ¢ L) due to 2 < ¢ < ¢/, we have
1d*Bll ooty S N Bll g S NdEP | pinay + o dEPTH | oy + l0dP ™| o)

(5.11) SNl pona 1P~ zoo + llol| o [l pona | P zoo + llol| 2o [P pono

< "9l L) + CYlldo || ny |2 Lonva -

Choosing ¢p small enough, by a fix-point argument we obtain the existence of B and o,

and hence also A, such that

(5.12) ldo| L + lollze + 1d*Bl| o < Coll2| Lo
Using (5.4), 0 = AP — 1d,,, estimate ([5.12)) then leads to
(5.13) |AP = Idm|| Lo gy + |47 Bl| Lo (8ry < CollQl Lona) (-

Again using the ansatz A = (Id,,, + o) P~!, estimate (5.12) further leads to
I1dAl Ly S ldo P~ oy + (L4 [lo o) [AP ™| ey

5.14 1= ) e
(5.14) < ldo |l sy + C pona + C QU oy

5 CHQHL(n,Q)
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for a small enough g9 > 0. It remains to discuss the bound for dA~'. We have AA~! = 1d,,

and hence

(5.15) dAA™  + AdA =0 = dA ™l =-A"1ldAA™!
Equation leads to

(5.16) 1A ooy S AT 2o AN pne-

If we show that A~! is bounded in L*, we can conclude by using (5.13). Since the

Neumann series is well-defined by assumption, we have:
(5.17) A7 = ((Idp +o)P 1) P =P (—0)k.
k=0

Choosing gp < ﬁ, (5.17) is absolute-convergent and we get

1 1 choice of g9
2 < o0,

5.18 olf e =
( ) kz::o” HL ]-_HO'HLOO = 1—C080

It remains to show that the equality —d*B = dA — A2 holds.

Since B is a solution of (5.9), (Id,, +¢) * déP~! — d*B — do P~ is exact, and hence there
exists a C' € WhH(9(B"™) such that

dC = (Idy, 4+ 0) * déP™L —d*B — do P71,
(5.19)
&  dCP = (Id,, + o) *xd§ — d*BP — do.
Applying the d*(-)-operator on (5.19)), one gets
(5.20) ACP +dC - dP = «(do A d€) — B - dP — Ac & g,

We want to show that C' = 0, from which ([5.9) follows immediately.
Applying P~! on both sides of (5.20) and using dPP~! = —PdP~!, C solves

(5.21)

AC =dC - PdP~! in B™,
C=0 on 9B".

Using once more the Calderéon-Zygmund estimates, we get
1<q
1dC] Loy S [dCN Loy STACH 3.0 S O Lo [Pl Lo [P ooy
(5.22)
S eolldCll L,

and hence VC' = 0. Due to the zero boundary conditions in ([5.21]), we conclude C = 0.
This finishes the proof of Theorem
O

We now give the continuity proof of solutions u € Wl’(ﬁ’q/)(B") to system (|1.6)).
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Proof of Theorem [I.3. We argue analogously as in the proof of Section [4

Since continuity is a local property, it suffices to prove continuity on the ball B;_.,(0) for an
arbitrary 7o € (0,1). Since the L(™%-norm is absolutely continuous, we can find a uniform
radius Rp > 0 such that for any R < Ry and any x € B;_,,(0), we have Br(z) C B" and
Q e LD (B", s0(m) @ A!) satisfies the smallness threshold given in Theorem 5.1

(5.23) 12 Lo (B () < Ceo-

During the proof, it is possible to adopt g as small as is necessary. Theorem yields the
existence of A € L N W9 (Bg(z), GL(m)) and B € W9 (Bg(z),s0(m) @ A?) such
that

(5.24) —d*B = dA — AQ in Br(x).
The conservation law claimed in ((1.10) then follows by a direct computation:
d(*Adu) = dA N xdu+ A x Au = dA N xdu — AQ A xdu

—d*B A xdu = —(=1)""t x d x B A xdu
(5.25)
= (=1)"*d* BAxdu=—(—1)""td* B A du

= —(—=1)"d((*B) A du).

Next, by a Hodge decomposition there exist da € dW;’(m72)(BR(a:)), g €
d*W;(ﬁ72)(BR($)> A""2), and h € C*(Bg(z), A!) such that

Adu =da+=+dB+bh in Br(x),

h = Adu on OBg(z).

Using ([5.25)), a and S then solve:

5.27) {—Aa = d*(Adu) = d*B-du  in Bg(x),
a=0 on 0Bg(x),

and

5.25) {AB = xd(Adu) = +(dA A du) in Bg(z),
x5 =0 on 0Bg(x).
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Using again the endpoint interpolation of Riesz potentials together with LGEEY o G
(¢ > 2), we get the existence of a constant C' > 0 such that

ldell e gy S 19 Bllzoa @ran vl g o g 0

< Ceolldull 2y g, 0y
(5.29)

14”5 ) S Al Lo (g ldull ¢

LT (Bp (o) 7T (B ()

< Ceolldull zay. ) g, )

Morrey space decay estimate.

Let § € (0, %) We follow the strategy of the proof in Section Using the fact that
A € GL(m), can be rewritten as du = A~ 'da + A~ x dB + A™'h, we get:

(5.30)
IVl 5,
P N 1 R S ) SO
%) ldall s 50y T 14BN a2t 5,0y T 5n—1l!bllL<ﬁ,qI>(BR(x))
S ol ar g, o+ 148l

+ [ldal

+ 6" (]| Adul| + [l 8]

LT (Ba(x) LT (Bp(a)) L(%‘Q”(BR@)))

< (a) +6m \!A!!Loo5"_1> IVell s o )

n

L( n—1

< n—1 , .

The estimate in (x) needs to be discussed. Again, we use the monotonicity properties
of harmonic functions/forms and refer the reader to the Proof in Section {4} specifically
equation . In that argument, one may choose p = "5, since the exponent does not
need to be modified again on a larger ball and no further interior estimates are required.
Note that due to the construction of A in Theorem A1 is bounded for the choice of

g0 < ﬁ ( see (5.18)):

(5.31) A7 Lo = |P(Idp + 0) M zoe S <2.

1—60 -
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Fix an arbitrary exponent o € (0,n — 1). Since n —1 — a > 0, we can choose ¢ € (0,3/4)
small enough such that

1

(5.32) cW%lg%m & 6§( 1)"1“.

20"
With § € (0,3/4) now fixed, we choose gy > 0 sufficiently small such that

1
(5.33) C'eg < 50

Iteration argument.
Following the iteration argument in Section for any @ € (0,n — 1) and constant
C(n,a, Ry) > 0, we end up with:

(5.34) sup  R7Y|Vu| < C(n,a, Ry) < oo,
x€B1—1,(0) L

0<R<Rg

where C(n, o, Rg) = (2C")7 1= RaO‘HVUHL(%’q/)

17 (B ()

B and we used Bg(z) C B".
Conclusion: Higher integrability of Vu via Morrey-Adams techniques.
Let x € B1_7,(0), R < Ry, and a € (0,n — 1). Equation ([5.34]) leads to

639 [ 18 S 1 oIV S N i B

Standard estimates by Adams (1, Prop. 3.2.(ii)] then yield Vu € Lj . and hence Vu € Ll(i’:q/)
for s > 5> 5 due to L° C L&) Indeed, by weak fractional integration, we conclude

by Adams
(5.36) IVullLs (B o)) S (AU Ls (R () < o0

We have thus improved the integrability of the gradient to Vu € L(g’q/)(BR(:p)) with

loc
s > 5 > 5. Consequently, the right-hand side of —Au = €2 - Vu becomes subcritical via

(na) 154 o1 for some r > 1. By standard

Holder’s inequality on Lorentz spaces, L / loe loc

Calderén-Zygmund estimates and bootstrapping arguments, one obtains

(5.37) Aue L for every n > p > g

Note that the regularity of Q € L(™% limits the regularity of Au. Indeed, we can bootstrap
Vu € L? for any s < oo arbitrary large. However, due to the structure of the equation, we
have that p is defined by

1 1 1 ns

p = p(s) is monotone increasing in s and hence bounded by p = p(s) — n for s — oo.
Finally, by the Sobolev embedding VVlif(B") — C&E(B”) with § <p<nand §:=2— %
we obtain Holder continuity, which finishes the proof.

[l
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6. THE OPTIMALITY OF THE RESULT.

Proposition 6.1. Let n > 3. For every g9 > 0, there exist u € Wlﬁ(B”,R”“) and
Qe L"(B",s0(n+ 1) ®A) such that

(6.1) 1Qn(pry <0, —Au=Q-Vu in D'(B™),
but v is unbounded at the origin and hence u has no continuous representative.

Proof. We divide the construction and verification into several steps.

Step 1. Polar coordinates and elementary computations.
Write

1
(6.2) ro=|z| = me, 0= ‘% csmt ti= T—I—log; =T —logr,
where T > 2 will be chosen at the end. Differentiating ¢ with respect to r gives % = —%,

so dt = —%. For k € {1,...,n}, the functions 6 = xy/r satisfy the following.
Orthogonality (dfy,dr) = 0: First, differentiating r? = -7 ; 27 yields

(6.3) 2rdr = Z 2x; dx;,
=1

which leads to
(6.4) dr =3 “lde; =Y byda;.
i=1 i=1

Since (dx;, dxj) = 0;5, we get

(6.5) (day, dr) = <dmk,2«9idazi> =0, and |dr|]* = (dr,dr)=> 67 =1.
=1

i—1
Because dfj, = d (°%) = dx’c%e’cdr, we get

(dag, dr) — Oxldr®> _ Ok — O1(1)

. dby,dr) = =0.
(6.6) (A, dr) . . 0
Further, we have

n n 2 2
(6.7) =y k-1

k=1 =T
“ -1
The norm of the gradient satisfies Z |0y |* = n 5—. Using |day|* = 1 and (dzy, dr) = 0y
T

k=1

|dxk|? — 20k (dzy, dr) + 02|dr|? _1- 202 + 67 _ 1= 9]%‘

2
(6.8) |dOk|” = 5

72 72 r
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Summing over k=1,...,n:
n 2
b1l =350 n-—1
6.9 doi|? = - .
( ) kz_:l | k| r2 r2

Let a = a(t) be a smooth function, and let @’ denote the differentiation with respect to ¢.
Using the chain rule with 0,t = —1/r:

/

(6.10) Bra = d'(t)- Oyt = —“?.

Differentiating again with respect to r leads to:

/ / / / //. _ " /
(6.11) arra:@(_‘;):“ _5r(a)_%_a (=1/r) _a ta

2

r r r r r

Consequently, the Laplacian in spherical coordinates is given by

_1 " / _1 / 1
(6.12) Aa:(?rra—i—nr 8Ta:a ta + < a)zrz[a”—(n—2)a’].

r2 r r
Moreover, we have:

6.13 d(aly) = adby, + Orda = adfy, + 0,d'dt = adl), — a'@k@.
r

Using Agn—10; = —(n — 1)0, and the fact that Va is purely radial while V8, is tangential
(so (Va, Vo) =0), we get

6.14)  Alaby) = (Aa)fx + a(Ady) = %2 " — (n—2)d’ — (n - 1)a] .

Step 2: Definition of u.

Set
(6.15) Ai=n—2
and define, for ¢t > T,
AE-T) AE=T)
Because e!~T = elog(1/m) — p—1 (see (6.2)), these functions can be written equivalently as
T,an 742771
(6.17) h(t) = et g(t) = VER
Define for z # 0
(6.18) u(z) == (h(t),g(t)bs,...,9(t)0,) € R®R" = R"H!

and assign an arbitrary value to u(0).
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We explicitly compute the derivatives of h(t) and g(t):

Nt=T)y _ Nt—T)
(6.19) Wity =2 (/\ _ 1) ,
t t
1 1 21 2
9 "oy — p! 1t -\ = 2_ 22 )
(6.20) () = B (t) (/\ t>+h(t) (t2> h(t) ()\ =),
Ae)\(th)t?)/Q _ §t1/2e/\(t7T) 3

! . 2 _ _
621) 4= - o) (A5 ).

0-00(1=3) a0 3 <o - 1)
62 gO=g0 (x5 )+ (55) =at0 (¥ -+ ).
Since A > 1 (recall (6.15)) and t > T >2, wehave A— 1 >1-1=1>0,s0

1\ _ 1

(6.23) h'(t) = h(t) <>\ — t) > 5h(t) > 0.
Define now
(6.24) F:=X0'-1", H:=Mn-1)g+X 4"

By (6.12) and (6.14]) and recalling that A = n — 2, we have:
" !/
. . — 24) F
aat B, €W N

r r2’

(6.25)

' - "N 1 - H
it OB 7o) OB Ao Ng €2V g
T

r2
Inserting (6.19)—(6.22)) into the definition of F' and H in (6.24)) yields:
1 20 2 A2
2 F=M(A==)=-h( XN -0 ) =n(2-5
626 F=n(-g) (¢ -Fea)=n(G-5),

3 3 15 3015
(6.27) HZ(n—1)9+>\g<>\—)—g(x\2—t+4t2>=g(n—1+—).

Step 3: Definition of the anti-symmetric potential ).

Set

_ H(@) _ Ft)+4(t)D()
(6.28) D(t) := WD) C(t) = (1= Dy
Since (recall equation (6.17))
(6.29) g/h=1t"12,

the formulas (6.19)—(6.27)) give explicitly:
15

3\
€19+ 629 90 (n-1+%-43) 61D, 1pn =1+ 5~y

(6.30) D(t) 0 (A - %> = - :
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and since F(t) = g(t) ()\t_l/z - 2t_3/2) (see (6.26)) and using (6.21]) we can rewrite C
defined in (6.28) as:
1

(6.31) C(t) = — {At—lﬂ 2732 4 <>\ - 2375> D(t)] .

Since t > T > 2, the denominator A — 1/t > 1/2 in equation (6.30)) is bounded away from

zero, and hence both functions D and C' remain bounded by a constant depending only on
n. Thus,

(6.32) IC(t)| + |D(t)| < ept™ 2 for every t > T > 2.
For kK =1,...,n, introduce the scalar valued 1-forms

d
(6.33) wy, i= C(t)dfy, + D(t )ekl

We define Q = (Qij)ogi,jgn by
(6.34) Qok = wk, Qo = —wg, Qi; = 0 otherwise.

Thus, Q;; = —j; by definition and hence Q(z) € so(n + 1) ® Al for any z # 0.

Step 4: Equation (1.6) holds pointwise a.e.
Due to equation (6.13]), we have
dr

d
(6.35) du® = —h’7, du® = gdby, — glﬁk%.

We now use the following notation: (- Vu)' = -7 (Qr, du):
Case i = 0: Consider the inner product with du”; using orthogonality (df, dr) = 0 gives:

n

Q V’LL Z <Cd9k + D@k%,gdek — g,ektir>

n n d 2
(6.36) —Cg Y |dox2— Dg' S 62 || +0
k=1

k=1

= Cyg (n_ 1) — Dg'(1) (12> _(n=1)Cg—

2 r 72
By definition of C(t) in ,
(6.37) 628) < n-1)Cg=F+¢D < (n—-1Cg—Dg =F

holds equivalently.
Hence, we have

(6.38) (Q-Vu)° 0 639 EQ B2 _p,0.
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Case i € {1,...,n}: The only non-zero component is ;0 = —w;. Therefore:
. : d d
Q- Va) = (—w;, du®) &2 <—C’d9i - Dair,—h’r>
r r
(6.39)
d dr |? Dh/
—CH <d92~, T> + DI || =0+ =0
r r
By definition D = H/h/, so Dh/ = H. Thus:
, H, (29 i
(6.40) (Q-Vu)' = T—20¢ = —Au'.
We have shown that
(6.41) —Au=Q-Vu on B"\ {0}

holds pointwise.

Step 5: Q€ L"(so(n+ 1) ® Al).
By the computations of Step 1 together with the explicit definition in (6.33]) we have:

n " " o ldr? @3+@9) (n—1)C%+ D?
(6.42) S w2 = 02 o+ 02 g2 || €6 > .
k=1 k=1 k=1
Since each wy, appears twice in Q (at the tuple (0, k) and (k,0)):
- - 1) 2((n—1)C?*+D?) ¢
6.43 QP = Qi =2 2 €1 <
©43) (0= 3057 =23 e <

where we used estimate ([6.32)). Using spherical coordinates (dz = 7"~ 'drdf), integrating
|Q2|™ over B™ then yields

(6.44) / Q" dr < ¢ \s"—lyfl (1)nr”_1dr—c ys”—l\/l dr
' Br - 0 \rvt - o Tt/

Substituting t =T — logr, dt = —% and r =1 givest =T, so r — 0 gives t — oo and
hence
1 0o 1-n/2 1 1-n/2
d t T
(6.45) / TT/Q = / 24t = l ] = < oo formn>3.
0 rt T 1-— n/2 T 3~ 1

Thus, || zr(pn) < cnTn™2 = 0asT — oo. Sofor T large enough, we obtain ||| ngn) <
€0-

Step 6. u € W'a1(B" R,
‘We have

n 2 12 12
(6.46) Vul? = Va2 + 3 (Vb (h)* +(9) 2+ (n—1)g*
T

k=1

Since g = ht~1/? (recall (6.17)), due to equations (6.19) and (6.21)) we have

(6.47) (h)? +(¢') + (n = 1)g* = N°h?,
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and hence
(6.48) |Vu(z)| ~ — = —— =
r

Using (n — 1)+ = n, we get

n—1

n

i oty [foa (1 NI
|Vul|n=Tde < c,|S" | | r — dr
Bn 0 rn—i¢

Ldr o0 n
:cn|S”1\/ — :cnysnl\/ tn-1dt < oo,
0 rtn-1 T

(6.49)

since -5 > 1 for all n > 3.
The computation remains for the L7 T-norm of u. Due to the definition of  in (6.18), we

have
(6.50) lul> =h? + g% = h2(1 +t1) < 2h* for t > 2.
Thus:
n 617 1 n 1 n
I B T
n 0 0

n__ (n=1)%-n(n=-2)
n— n—1

For the radial exponent we have n — 1 — (n — 2) = 1> -1, so the

3

integrand is integrable near r = 0. Hence, v € W'n-1(B" R"t1),

Step 7: Removability of the singularity.
To verify that no Dirac mass is created at the origin, let ¢ € C°(B",R""1). Integrating
by parts on B™ \ B, yields

(6.52) / (Vu, Vo)dr = / (Q-Vu)-pdr+ Opu - dH™ L.
B™\B, B™\B, 9B,

By (6.35)), we have [0,u| < Lﬁ'g/'. The integral over the boundary leads to

e o1 IR ()] + 19 (¢ -
(6.53) /aB Ol < ] (”)p'g(p)':cnp 2 (W (t,)] + 19 (t,))
P

where t, = T + log(1/p).
Recalling that eMt—T) = eAlog(1/p) = p=A = =("=2) e substitute h'(t,) and ¢'(t,) from

(6.19) and (6.21]) in order to get:
(n—9) . 1 (n—9),— 3
(654) h/(tﬂ) =p ( 2)tp1 (A - t> ’ gl(tﬂ) =p ( 2)tp 3/2 <)‘ - 2t> .
P P
Multiplying by p"~2 then gives

n— — 1 n— - 3
(6.55) PR () =t </\ - t) o2 (k) = 52 (A _ 2t> ‘
P

p
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As p— 0T, ¢, =T +log(1/p) = +0co and thus:

P S N
. n—1 . tp 2t,
(6.56) lim |OpuldH" ™ < ¢, lim + —5 = 0.
p—0 8B, tp—o0 tp tp/

This shows that p — 0 yields

(6.57) /H(Vu, Vy)dr = /n(Q -Vu) - pdz,

and we conclude that —Awu = Q- Vu holds in D'(B™).

Step 8: u ¢ L™ and is therefore not continuous.
Recall the definition of the first component of u (see (6.18])):

\x|2_"

(6.58) u’(x) = h(t) = T los(1/])

Since n > 3, as x — 0, |z|>~" grows polynomially, T'+ log(1/|x|) grows logarithmically.

Hence,
(6.59) u’(x) = +oo asx — 0.
Thus, u ¢ L* and cannot have a continuous representative. g

Remark 6.2. The construction above has the exact asymptotic behaviour:
1 1
~ o [Vu(z)] ~ :
|z[(T + log(1/]z))!/2 |z H(T" + log(1/|]))

By standard rearrangement characterisation of Lorentz spaces, we have

(6.60) |€2()]

(6.61) O c (m L(”v‘I)(B”)) \L(n,Q)(Bn)’

q>2

whereas

(6.62) vue<ﬂLu%@uw0\Luﬁﬂuwy
s>1

Thus, the result is optimal.

APPENDIX A.

Let 1 < ¢ <2 and denote by 2 < ¢’ its corresponding conjugate exponent. In the following,
let 5 < p < n. Then we have whel) oy 1) LG5 for any s < % and hence

n < n"—_% is satisfied by the restriction on the parameter p. Further, since p < n we have

1 1 1 1 1
(A.1) —=—t 55, and 1=-+4—,
p n 35 q g

which for any f € L9 and g € Wh(®D Jeads to

(A.2) 1f - gllon S Nl peallgll S I llzeva gl -

s s a’)
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Lemma A.1. Assume there exists ¢ > 0 and a constant C' > 0 such that for any
Q e whED (B so(m) ® A') satisfying

(A.3) 12| ) < €(n,m),

there exists P € V[/Q’(p’l)(B"7 SO(m)) and & € ng(p’l)(B”,ﬁo(m) ® /\"’2) such that
xdé = P~YdP + P~'QP in B",

(A.4) d*§=0 in B™,
=0 on OB",

and satisfy

(A.5) 4P| wren + dllwren < CllQwr.ma
and
(A.6) |dP|| n.ay + |l Loy < Cl2 pna) < Ce(n,m).

Proof of Lemma[A.1. We follow the continuity method by Uhlenbeck [24] with the tech-
niques established by Riviere [18].
Introduce for any constants € > 0 and C' > 0 the set

Qe WHED(B", s0(m) @ ALR™)) : [|Q| L <&, and
there exist P and & satisfying (A.4)), (A.5]), (A.6).
Further, define the set

(A7) U= {

(A.8) V.= {Q e WHPD(B" so(m) @ ) 1 [|Q| ) < -

We show that for € > 0 small enough and C > 0 large enough, V. = U. ¢ by the following
steps:

1. Step: U c is non-empty (0 € U ).

2. Step: V. is path-connected.

3. Step:  U. ¢ is closed in V. with respect to the Wl’(p’l)—topology.

4. Step: U, c is open in V. with respect to the Wl’(p’l)—topology.

1. Step: U, ¢ is non-empty.
Trivially 0 € U, ¢ with the corresponding solution

P=1Id, e W@l c=0ew2®D,

2. Step: V. is path-connected.
We show that V. is star-shaped and hence path-connected. Fix €y € V. and let Q2 € V. be
arbitrary. Define the path by

Q=10+ (1-1t)Q, telo1].
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Then, for any t € [0, 1], triangle inequality gives
194 Loy < QU Loy + (1= D0l ey Ste+ (1 —t)e =c¢,

and hence ; € V..

3. Step: U, ¢ is closed with respect to the Wi topology.
Let (Q)ren be a sequence in U, ¢ with

Qr = Qo strongly in WHED,

where the limit satisfies (0o € V.. We claim that Qo € U c.

Since €, € U.c, there exists a sequence of solutions to , denoted by P, €
W2@E(B? SO(m)) and & € WP (B so(m) @ \"2) for each k € N. Due to the
uniform bounds [|Q|l me < € and [|Qkllppron S [|Qsollpen < oo, together with
estimates and , yields a weakly convergent subsequence (P%;, ;) such that

(A.9) Py, — P and &; — & weakly in W2P:D,

By lower semicontinuity of the Sobolev-Lorentz norms, the weak limits satisfy
(A10)  lldPsllwron +lldocllwron < lminf ClIQ .o = CllQeclli.ion,
and

(A1) IdPellpmo + [dcllying < liminf Ol g = Cll0sell e

It remains to show that (Pao, ) solves (A.4]) with respect to Qs and that Py, € SO(m)
almost everywhere.
First, by Rellich-Kondrachov compact embedding, W2®1)(B") — W) (B") for

n”—_’;, there exists a strongly convergent subsequence in LY which

any 1 < s <
implies pointwise convergence almost everywhere of Py, — Px and d"§, — d*{w.
Passing to the limit in ijP,;E = Id;, and d*§, = 0 pointwise a.e. confirms that

Py, € W2@1(B" SO(m)) and d*és = 0 on B" almost everywhere.

Second, we show that the limit is a solution in the sense of distributions, i.e.,

(A.12) *d€oo = P dPs + PL'O0 Py in D'(B™).

The compact embedding W2®1)(B") < W1#(B") ensures strong convergence:

Py, = P in L®V(B") and dPy, — dPs strongly in L&D(B") V1< s < —2—,
n—p

Left-Hand Side (LHS) of (A.12)): For any test function ® € C°(B", s0(m) @ AL(R")),
weak convergence i, — oo In W2@1) implies dl; — df weakly in Wh®1) and thus in
L),

(A.13) ‘ /B (o, — #dec) - @ — 0.
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Right-Hand Side (RHS) of (A.12): Testing against ® € C°(B", s0(m) @ AY(R")), we
bound each term:

/ (PXldPo — P tdPy,)®

< P (dPs — dPy)®| + / P ' — P YdP, ®

(A.14) B ( ) R 4B,
S| [ (AP = dP)PLTO)| 4 4Py e |7 = PR o 2]
— 0,

and similarly

/ (P Qo Py — Pk_jlﬂijkj)q)

< +

J

/ P Qo (Poo — Py,)®

/ (P, — P! Qo) Pi, @
(A.15) "
S P Lo Q00| ponn [| Pos — P\l zg o 1@l e

n—1"

18, e (1P e R, = o) @llns + PG = P g [9oc 1€ )
— 0.

Using the trace theorem for Sobolev—Lorentz spaces, the continuous embedding
(A.16) Ww2ED (Br) < W2 5P (9B") < L (9B™)

ensures that & = 0 passes to the weak limit, so 500] apn = 0-

o
Hence, () fulfils each condition for belonging to U; c.

4. Step: U, is open in V. with respect to the wh®_topology.

In this step, we need to restrict our choice of € > 0, choosing it sufficiently small, and set
C > 0 to be sufficiently large.

Let Qo € U. . We claim that there exists § > 0 such that for any w € WH®1(B" s0(m)®
AD)

(A.17) with ||w||py1.en <0, wehave Qp+w el c.

Since Qy € U- ¢, there exists a corresponding pair of solutions (P, &) satisfying (A.4)).
Define the non-linear operator

N: WEED (B s0(m) @ AY) x X — LD (B so(m)) x W5 PV (9B" s0(m)),

(A.18) A\U) d*(e_UdeU +6_U(*d§0+>\)€U) p) U‘
, ) T oB" ’
where
X = {U e W2®D(B™ s0(m)) ‘ / Udz = 0}
(A.19) "

Y = L@ (B" s0(m)) x W' P (9B s0(m)).
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Since P € W@ (B" SO(m)), the map A — P~'AP and its inverse ¢ — P(P~! are

continuous from W11 to W1, Indeed, because P(x) € SO(m) pointwise, we have
(A.20) HP)\Pil”L(p,l) S Al e,

and applying the product rule yields:

(A.21)
IV(PAP Y Loy SUIVPAP Y| ony + [PVAP Y Loy + [|PAVP | o)

SIVPIpaa M ez + IVAl e + IV Pz A G2z o
S IVP| pma IMlwren + VAl e,

where we used Wh(®1(B") — L(%’q/)(B").
Thus, the non-linear map A is C'-smooth. We follow the strategy of Lemma 2.7 and
Lemma 2.8 in [24].
To derive the linearized operator Ly := dyN(0,0): X — Y, we compute the directional
derivative of N'(0,tV) at t =0 for V € X. Expanding the matrix exponentials yields

eV =1d,, +tV + O(1?),
(A.22) eV =1d,, —tV + O(t?),

d(eV) = tdV 4+ O(t?).

Substituting these expansions into the first component of N gives

(A.23)
e Vd(EeV) + eV xdépe!V = (Id,,, — tV)(tdV) + (Idy, — tV) x déo(Id,, + tV) + O(t?)

= xd&y + t(dV +xd&V =V * déo) +0(t%).

Differentiating with respect to t at ¢t = 0 yields
d
dt =
Applying d* (noting that d*dV = AV), the linearized operator L; := dyN(0,0): X — Y
is explicitly given by

(A.24)

(e*tvd(etv) + eftV * dé’oetv) =dV + [*dé()a V]

(A.25) LV = (AV +d* (rdgoV — V # &), aTvlaBn).

Standard elliptic theory for the Laplacian LoV := (AV, OTV] 8 B") in Sobolev—Lorentz spaces
yields

(4200 [Vliwan < llZaVlly = a(IAVIzon i + 10V b g )

Combining Ly and L; via the triangle inequality gives

(A27) ”V||W2,(p,1)(Bn) < CoHL1V||y + Codeo ANdAV —dV A d€O|’L(p,1)(Bn).
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It remains to estimate the perturbation term. Using W1 ®1D(B") — L("%”ql)(B”) (see
(A.2))), yields

(A.28) [d€o A dV [y < lld€oll Lona [VVI (e oy < Colldéoll oo IV w2 -
Inserting ({A.28)) in (A.26)) and using the anti-symmetry of the wedge-product, we obtain:

(A.29) HVHWZ!(P»U(B’I) <colLViy + COCS”d&)”L("v‘Z)(B”)HVHWQ»U’J)(B")'

Since & is a solution of Q € U. ¢, we have ||d§0||L(n,q>(Bn) < ¢ and choosing ¢ < ﬁ
small enough, we absorb the perturbation term into the left-hand side and get:

(A.30) IVl gy < 260 L0V -

If L;V = 0, estimate immediately implies ||V||y2.01n = 0, so V.= 0. Thus,
ker(L;) = {0}.

It remains to show that L; is surjective and hence an isomorphism. Recall that Lg: X —
Y is a classical elliptic operator defining an isomorphism on X due to the mean-zero

assumption. The family (L).c(o,1], where
(A.31) t— Ly :=Lo+tK, and K(V) = (x(d§o AdV) — x(dV A d&), 0)

defines a continuous path of bounded operators. For € small enough, L; remains Fredholm
for all ¢ € [0, 1]. By the invariance of the Fredholm index under continuous perturbations,

we obtain
By the definition of the index and since ker(L;) = {0}, it follows that L; is surjective.

Applying the Implicit Function Theorem gives a § > 0 and an open neighborhood O of 0
in X such that for every A € Wh1(B" s0(m) ® A') satistying [ Al (gny < 9, there
exists a unique Uy € O with N'(A\,Uy) = 0 and [5, Urdx = 0.

Since the map A — U, is C'-continuous with Uy = 0, we have ||Ux|ly2.01 — 0 as
Aoy — 0. Because W2®1D(B") is a Banach algebra under matrix multiplication,
setting Qy := eV* yields

(A.33) 1d(@x = ldm) ly1.w0) < ClldUN 100 < @,

for any given a > 0, assuming that ¢ is chosen sufficiently small.

Since (P, &) solves for 2y, we define Py := Py@» and obtain:
xdéy = Q1 dQx + Qy(Py 'dPy + Py Q0 Py + M) Qx
(A.34) = (Po@x) " d(PoQx) + (PoQx) ™ (R0 + PoAPy ) (PoQy)
= P 'dPy\ + P (Qo +w) Py,
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where w = Pg)\P(fl. Thus, (Py,&)) solves for 2 := Qg + w, with
(A.35) [wllwr.en < ClA[we.n < 0.
Moreover, standard elliptic estimates applied to
xd(&x — &) = Q5 1dQx + QM [ * déo, Qx — 1dy] + Q5P AQx
along with d*(§, — &) = 0 and &, — & = 0 on OB™ using (A.33) and (A.35|) yields that:

(A.36) 1d(x = o) lwrewn S AN — &) lwron Sa+d=: 5.
Note, that (A.33]) immediately implies
(A.37) [d(Px = Po)lly1.en < Clld(@x — Idm) 1. < o

Choosing ¢, a, f > 0 sufficiently small such that Ce + a4+ 8 < 4, the triangle inequality
yields

ldPA|| L) + [|dEXN pnnay < NP pmnay + |dEo || na)
(A.38) +|d(Px — Po)|l oy + [1d(Ex — &0) |l o
<Ce+a+p<o.

Therefore, (Py,&)) satisfies the assumption of Lemma which implies the a-priori
bounds (A.5) and (A.6) for (Py, &)

This proves 0y + w € U ¢, and hence that U, ¢ is open in V..
Conclusion. Step 1 — Step 4 implies U. ¢ = V. and this finishes the proof of Lemma
[l

It remains to prove the following auxiliary Lemma.

Lemma A.2. There exist C(n) > 0, ¢ > 0 and 6 > 0 such that for every P €
W@ (B" SO(m)) and ¢ € WP (B™, so(m) @ A"2) satisfying (A.4) for some Q €
WhED (B s0(m) @ AY) with ||| e <&, if

1dP| L) + NldEll Loy <6,
then (A.5)) and (A.6|) are satisfied.

Proof. We decompose & = v + w, where v,w € W@ (B" A"~2) satisfy:

Av = x(dP~' AdP) in B, Aw = xd(P~'QP) in B",
(A.39)

v=20 on 0B", w=0 on 0B".

Estimates containing v:
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L9 Bound for dv: In order to exploit the div-curl structure, we use that dv € WhH®1 —
L) <y r(n.a) (for 1 < ¢ <2) and hence
-1
[dvllz gy S A0l Lo gny S NAVI @0 gay S 1P I Lona [P e
(A.40)

() (n,d")
< Co|ldP| Lonar (Bry-

WL®Y) Bound for dv: Using Calderén-Zygmund estimates together with the Lorentz-
Holder inequality and the Sobolev embedding Wh®D(B") — LGHY(Br) <
L(ﬁ’ql)(B"), we get

(A.41) ldv]lyren S NAV] ey S NP pma AP (2 ) < 6l|dP |y -
L n—p

Estimates containing w:
L9 Bound for dw: Again by standard elliptic estimates and |P| < 1 we have

(A.42) ldwl| Lonoy < CIPTIQP| ne) < ClIQUl -
W@ Bound for dw: Applying the product rule yields
(A.43) d(P7IQP) = dP7'QP + P~1(dQ)P 4+ P~'QdP.
Using d € L®1) together with Wh®1) LG5,

AP P 0 < C (10 g + 4P g0 1] 2,0

(A.44)
< Ol (1 + 4P o ).

Again, by standard elliptic estimates we obtain:

(A.45) ldwlyr.om < ClAW] Lo < Clwren (14 1Plyren).

Conclusion for ¢&:
Note that by (A.4]), we have the expression

(A.46) xd¢ =dP"P+P'QP & dP" =xd¢PT —PTQ.

This leads to
APl Loy S €]l Lenay + QU] na -
(A.47)
1Pl S NldEllwren + 1Q2wen-
So once we established the bounds (A.5) and ({A.6) for d§, we can conclude the proof by
using (A.49).
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By combining (A.40)) and (A.42)), we have
1d€ll inay < lldv[ o) + AWl L) S ONAP || Loy + [192] Lna)
(A.48)

< Crol|de]| nay + Co(1 +0) (19| fnay -

Choosing § sufficiently small such that C1d < %, absorbing the term containing d¢ to the
LHS, we get (A.6).
In order to show (A.5]), combining (A.41)) and (A.45)) yields

dellwron < lldvllpren + ldwllyresn S 0ldPllyrea + [12we
(A.49)

< Cs30)|dE |y, + Cal| Qw1 -

Again, choose § small enough, such that also C36 < % holds, we can conclude (A.5)).
O

Lemma A.3. Let 1 < p < +o0, and let B™ C R™. Then, for any function f € LP(B")

which is a solution of
—Af=0 on B",

the function
1
r o [P aan
Br

18 increasing.

Proof. We follow the proof in |9, Lemma 3.3.12 |.
Setting v = | f|P, we first compute the Laplacian of v. Since f is harmonic (Af = 0), a

direct calculation gives
(A50)  div(Vo) =div (plfP2fVS) = plp = ISP VI +pl /P72 Af > 0.
35 35 =

Therefore, Av > 0, so v = | f|P is subharmonic.
Integrating this inequality over the ball B, C R™ and applying Stokes’ theorem, we obtain

d
(A.51) 0< /Av dr = / @(z) dp(z) ="t — / v(rf) du(h),
or dr
B, OB, dBn
where we parametrized the boundary by z = rf for § € 9B™ and used the fact that the

surface measure scales as du(z) = r"~tdu(6).

Equation (A.51) implies that
(A52) " / £ (r0)P du(0)

oB"



RIVIERE’S GL(m)-GAUGE CONSTRUCTION FOR ANTISYMMETRIC POTENTIALS 35

is non-decreasing. It follows that

T s

sy [irpdz= [0 tdp [ 150)P duto) — [t [ 1s0)p duco)
B, 0 oBn 0 oB™
(A54) =2 [iseoraue =2 [ @ du)
oB™ 0B,
(A.55) _ %d% / F ()P da.
B,

Defining F'(r) := / |f(z)P dz, equation (A.55)) can be rewritten as
By

r
. < _F' < — =
(A.56) F(r) nl?(r) s 0< s o] o

Integrating this differential inequality, we conclude that
1
T rn/|f(:v)|pdac
B,

is non-decreasing. O
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